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1. Introduction

Stochastic dominance has been a prominent research topic in the econometric and
actuarial literature for a number of decades. Many theoretical and applied
contributions in these and related areas have been summarized by Mosler and
Scarsini (1991), Levy (1992), Shaked and Shanthikumar (1994), Davidson and
Duclos (2000), Müller and Stoyan (2002), Barrett and Donald (2003), Chakravarty
and Muliere (2003), Linton et al. (2003).

McFadden (1989) proposed a Kolmogorov–Smirnov-type test for stochastic
dominance. In the case of first-order stochastic dominance, McFadden (1989)
derived the sampling distribution of the test statistic. In the case of second-order
stochastic dominance, McFadden (1989) obtained a series of results that partially
characterized the asymptotic distribution of the statistic. McFadden (1989) also
proved bounds for the critical values of the test. Statistical inference for stochastic
dominance at higher orders were subsequently considered by a number of authors
including Anderson (1996), Davidson and Duclos (2000), Barrett and Donald
(2003), Linton et al. (2003). In particular, Anderson (1996) based his test on making
comparisons between distribution functions and their integrals at a finite number of
fixed points. This approach reduced the original problem to an easier one involving
finite dimensional distributions. Using this procedure, however, one inevitably loses
the asymptotic consistency of the test statistic. Davidson and Duclos (2000) explicitly
noted this drawback and made further progress in the area. Employing the theory of
empirical processes, Barrett and Donald (2003) departed from the earlier used
method of finite comparisons and obtained desired asymptotic results for the
Kolmogorov–Smirnov-type statistic for stochastic dominance over any compact

interval. Whether or not the compactness assumption could be removed remained an
open problem. We note in this regard that most of the distributions that are used for
modelling data in econometrics and actuarial science do not have compact supports.
Hence, resolving the aforementioned problem is of interest and importance.

The main goal of this paper is to show that the compactness assumption cannot be
removed without modifying the test statistic. Specifically, we show that, depending
on the order of stochastic dominance, considering weighted versions of the
aforementioned Kolmogorov–Smirnov-type statistic is necessary for obtaining
non-degenerate limit distributions.

2. Stochastic dominance: definition and notation

Let X A and X B be two real-valued random variables with distribution functions
FA and FB, respectively. For C 2 fA;Bg and x 2 R, define the iterative process by
first setting DCð1; xÞ:¼FCðxÞ and then

DCðs; xÞ ¼

Z x

�1

DCðs� 1; yÞdy; s ¼ 2; 3; . . . .

The integral DCðs; xÞ is finite if EððX CÞ
s�1
� Þo1, where x�:¼maxð�x; 0Þ. We assume

the latter moment assumption throughout the paper. Now, by definition, the
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distribution function F A stochastically dominates F B at the order s 2 N if

DAðs; xÞpDBðs; xÞ for all x 2 R. (1)

If we replace ‘‘for all x 2 R’’ by ‘‘for all xpz’’ in (1), then we have the notion of
stochastic dominance at the order s and up to and including the ‘‘poverty line’’ z,
which is a real number, usually a non-negative one.

The problem concerning testing for first-order stochastic dominance was
thoroughly discussed by McFadden (1989), and Schmid and Trede (1996a).
Therefore, from now on we restrict ourselves to the case sX2 only. Under this
assumption we check that statement (1) is equivalent to

DAðs; xÞpDBðs; xÞ for all x 2 R, (2)

where

DCðs; xÞ:¼

Z x

�1

ðx� yÞs�2FCðyÞdy; C 2 fA;Bg.

We shall use this formulation of stochastic dominance in our considerations below.
It is worth noting that the formulation of stochastic dominance presented in the

previous paragraph naturally connects the econometric notion of stochastic
dominance with the actuarial one. Namely, it is said that ‘‘risk’’ X A (which is a
non-negative random variable with c.d.f. FA) is smaller than ‘‘risk’’ X B (with c.d.f.
FB) in the sense of stochastic dominance at the order sX2 if

pAðs; xÞppBðs; xÞ for all x 2 ½0;1Þ, (3)

where

pCðs; xÞ:¼

Z 1
x

ðy� xÞs�2ð1� FCðyÞÞdy; C 2 fA;Bg.

The integral pCðs; xÞ is finite if EððX CÞ
s�1
þ Þo1, where xþ:¼maxðx; 0Þ. We note in

passing that when s ¼ 2, then pCðs; xÞ is known in the actuarial literature as the stop-
loss transform of the risk X C (cf., e.g., Müller, 1996, and references therein). With
GC denoting the (left-continuous) distribution function of �X C , we have that
statement (3) holds if and only if

DGA
ðs; xÞpDGB

ðs; xÞ for all x 2 ð�1; 0Þ. (4)

We now see that statement (2) covers statement (4), just like it covers the usual in
econometrics definition of stochastic dominance: DFA

ðs; xÞpDFB
ðs; xÞ for all

x 2 ½0;1Þ.
3. Weighted Kolmogorov–Smirnov-type statistic

Let X A;1; . . . ;X A;nðAÞ be independent and identically distributed random variables,
each with distribution function F A, and let X B;1; . . . ;X B;nðBÞ be independent and
identically distributed random variables, each with distribution function FB. Let
FA;nðAÞ and FB;nðBÞ be the empirical distribution functions corresponding to the two
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samples. Define

Tnðs; qÞ ¼ sup
x2R

qðxÞV nðs; xÞ,

where q : R! ½0;1Þ is a weight function and fV nðs;xÞ; x 2 Rg is a stochastic process
defined by the formula

Vnðs; xÞ:¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðAÞnðBÞ

nðAÞ þ nðBÞ

s
ðDA;nðAÞðs; xÞ � DB;nðBÞðs; xÞÞ

with the notation

DC;nðCÞðs; xÞ:¼

Z x

�1

ðx� yÞs�2FC;nðCÞðyÞdy; C 2 fA;Bg.

In our following considerations we shall frequently use the indicator function
IAðxÞ with various sets A � R, meaning that IAðxÞ equals 1 when x 2 A and 0
otherwise.

When s ¼ 2 and qðxÞ ¼ IRðxÞ, then Tnðs; qÞ is the Kolmogorov–Smirnov-type
statistic proposed by McFadden (1989) for testing second-order stochastic
dominance. In this case, asymptotic properties of the statistic were investigated by
Schmid and Trede (1996b, 1998) assuming that the underlying distributions have
compact supports. Under the same assumption but for arbitrary sX2, asymptotic
properties of the statistic were thoroughly investigated by Barrett and Donald
(2003).

The aforementioned results on compact intervals can also be interpreted in the
following way. Namely, we assume no compactness of the supports but, instead, use
the weight function qðxÞ ¼ I ð�1;z�ðxÞ. This leads to the situation investigated by
Barrett and Donald (2003). The following natural question arises: can we use qðxÞ ¼

IRðxÞ instead of the aforementioned qðxÞ ¼ I ð�1;z�ðxÞ? The answer to the question is
negative when s42, because in this case the statistic Tnðs; qÞ is infinite. This can be
shown as follows. Let both nðAÞ and nðBÞ be equal to 1. Write the equalities:

DA;1ðs; xÞ � DB;1ðs; xÞ ¼

Z x

�1

ðx� yÞs�2ðI ½X A;1;1ÞðyÞ � I ½X B;1;1ÞðyÞÞdy

¼
1

s� 1
ððx� X A;1Þ

s�1
þ � ðx� X B;1Þ

s�1
þ Þ. ð5Þ

The supremum over all x 2 R of the right-hand side of Eq. (5) is infinite for any s42,
provided that, of course, X A;1aX B;1. This shows that when constructing a useful
Kolmogorov–Smirnov-type statistic for testing stochastic dominance at the order
s42, we have to use a weight function q such that qðxÞ ! 0 when x!1. In fact,
we show below that any weight function q satisfying the condition

sup
x2R

qðxÞð1þ xþÞ
s�2o1 (6)

makes Tnðs; qÞ well defined. Moreover, we prove that assumption (6) is optimal in the
context of the present paper.
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We conclude this section with the note that other than Kolmogorov–Smirnov-type
statistics have been proposed in the literature for testing stochastic dominance. For
example, Deshpande and Singh (1985) proposed an integral-type test for second-
order stochastic dominance. They assumed that one of the distribution functions FA

and FB is known. The assumption was later removed by Eubank et al. (1993) by
suggesting another integral-type statistic. Further developments followed by Kaur
et al. (1994).

4. Asymptotic distribution of Tnðs; qÞ

Suppose that we want to test the following hypotheses (cf., e.g., Davidson and
Duclos, 2000; Barrett and Donald, 2003; Linton et al., 2003):

H0 : DAðs; xÞpDBðs; xÞ for all x 2 R

vs.

H1 : DAðs; xÞ4DBðs; xÞ for some x 2 R.

Under the alternative hypothesis H1 the statistic Tnðs; qÞ converges to1, unless the
weight function qðxÞ equals 0 for all those x for which DAðs; xÞ4DBðs; xÞ is true.
Indeed, since

ffiffiffiffiffiffiffiffiffiffi
nðAÞ

p
ðDA;nðAÞðs; xÞ � DAðs; xÞÞ and

ffiffiffiffiffiffiffiffiffi
nðBÞ

p
ðDB;nðBÞðs;xÞ � DBðs; xÞÞ have

centered Gaussian limit distributions (cf., e.g., Barrett and Donald, 2003), we have
that for any x such that DAðs; xÞ4DBðs; xÞ the quantity V nðs; xÞ and thus Tnðs; qÞ
must converge in probability to 1 when n!1. Hence, under the null hypothesis
we want to obtain the limiting distribution of Tnðs; qÞ so that the asymptotic critical
values za (not to be mixed up with the standard normal critical values) would be
possible to calculate.

Since the null hypothesis H0 is composite, we expect that the ‘boundary’ case
DAðs; xÞ ¼ DBðs; xÞ plays a major role. Indeed, let x be such that DAðs; xÞoDBðs; xÞ,
which is a part of the null hypothesis H0. In this case, V nðs; xÞ converges in
probability to �1, and so the value of V nðs; xÞ with the x does not (asymptotically)
contribute to the value of Tnðs; qÞ. To put the above note into the mathematical
framework, we have the bound

Tnðs; qÞp sup
x2R

qðxÞ Vnðs; xÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðAÞnðBÞ

nðAÞ þ nðBÞ

s
ðDAðs; xÞ � DBðs; xÞÞ

 !
(7)

under the null hypothesis H0; with the equality holding in the above discussed
‘boundary’ case DAðs; xÞ ¼ DBðs; xÞ for all x 2 R, which is equivalent to FAðxÞ ¼

FBðxÞ for all x 2 R. The following theorem gives assumptions under which the right-
hand side of (7) has a non-degenerate asymptotic distribution.

Theorem 1. Let sX2. Assume that the weight function q : R! ½0;1Þ is such that (6)
holds, and let the distribution functions F A and FB satisfy the conditionZ

R

ð1þ ys�2
� Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FCðyÞð1� FCðyÞÞ

p
dyo1; C 2 fA;Bg. (8)
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Furthermore, assume that nðBÞ=ðnðAÞ þ nðBÞÞ ! Z for a constant Z 2 ð0; 1Þ when both

nðAÞ and nðBÞ converge to infinity. Then the right-hand side of (7) converges in

distribution to the random variable

Tðs; qÞ:¼ sup
x2R

qðxÞGðs; xÞ,

where x 7!Gðs; xÞ is a Gaussian stochastic process defined by the formula

Gðs; xÞ:¼
Z x

�1

ðx� yÞs�2ð
ffiffiffi
Z
p

B1ðF AðyÞÞ þ
ffiffiffiffiffiffiffiffiffiffiffi
1� Z

p
B2ðFBðyÞÞÞdy (9)

with two independent standard Brownian bridges B1 and B2 on ½0; 1�.

We shall now discuss the optimality of conditions in Theorem 1. For this purpose
we restrict ourselves to the simpler case when both FA and F B are equal. Denote
either of the two distribution functions by F for notational simplicity. We first note
that condition (6) cannot be relaxed. Indeed, assuming thatZ 1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� F ðyÞ

p
dyo1, (10)

we have that

x�ðs�2Þ
Z x

0

ðx� yÞs�2BðF ðyÞÞdy!a:s:

Z 1
0

BðF ðyÞÞdy; x!1. (11)

The proof of this statement is given at the beginning of Section 6 below. Now a
comment on assumption (10) follows. With X denoting a random variable with the
distribution function F, we have that, for any d40, the moment condition
EðX 2þd

þ Þo1 implies assumption (10). In turn, assumption (10) implies EðX 2
þÞo1.

Finally we note that condition (8) is satisfied under assumption (10) andZ 0

�1

ys�2
�

ffiffiffiffiffiffiffiffiffi
F ðyÞ

p
dxo1. (12)

Assumption (12) follows if we have EðX s�1þd
� Þo1 for some d40.
5. Bootstrap approximation and an illustrative application

Practical implementation of Theorem 1 requires an approximation to the
distribution function HðzÞ:¼PfTðs; qÞpzg, or at least to its upper tail. We note in
passing that the distribution function H is continuous except (cf. Tsirel’son, 1975) in
such pathological cases as qðxÞ ¼ 0 for all x 2 R, that is, when Tðs; qÞ ¼ 0. For
further details and comments on this and other related issues we refer to Csörg +o and
Mason (1989), and references therein. The distribution of the (non-degenerate)
random variable Tðs; qÞ can be approximated using bootstrap. For details on the
latter topic we refer to the papers by Barrett and Donald (2003), Linton et al. (2003),
and references therein.
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In what follows we shall discuss a bootstrap approximation in the context of a real
example that concerns pre-tax household income in the US, as discussed in the paper
by Bandourian et al. (2002). We note at the outset that this problem suggests testing
the following hypotheses:

Heq
0 : FAðxÞ ¼ F BðxÞ for all x 2 R

vs.

H1 : DAðs; xÞ4DBðs; xÞ for some x 2 R.

That is, we want to test if the distribution of income during year ‘‘B’’ changed if
compared to year ‘‘A’’ so that DAðs; xÞ4DBðs; xÞ holds for at least one x 2 R. We
note that even though the null hypothesis Heq

0 is only a part of the earlier considered
H0, we can use the result of Theorem 1. For this, we first note that under the null
hypothesis Heq

0 the distribution of the process
ffiffiffi
Z
p

B1ðFAð�ÞÞ þ
ffiffiffiffiffiffiffiffiffiffiffi
1� Z
p

B2ðF Bð�ÞÞ

coincides with that of BðF ð�ÞÞ, where B is a standard Brownian bridge on ½0; 1�.
Hence, we have the formula

Geqðs; xÞ:¼

Z x

�1

ðx� yÞs�2BðF ðyÞÞdy

for the earlier introduced process x7!Gðs; xÞ. In turn, under the null hypothesis Heq
0

the asymptotic distribution of the statistic Tnðs; qÞ is equal to that of the random
variable

Teqðs; qÞ:¼ sup
x2R

qðxÞGeqðs; xÞ.

To estimate the critical values of the distribution function, say Heq, of the limiting
random variable T eqðs; qÞ, we use the following bootstrap approximation. Let

Fpool:¼
nðAÞ

nðAÞ þ nðBÞ
F A;nðAÞ þ

nðBÞ

nðAÞ þ nðBÞ
F B;nðBÞ.

Generate two sets of independent and identically distributed random variables,
X �A;1; . . . ;X

�
A;nðAÞ and X �B;1; . . . ;X

�
B;nðBÞ, each having the distribution function Fpool.

Let F�A;nðAÞ and F�B;nðBÞ be the empirical distribution functions corresponding to these
two samples. We now define the bootstrapped weighted Kolmogorov–Smirnov-type
statistic:

T�nðs; qÞ:¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðAÞnðBÞ

nðAÞ þ nðBÞ

s
sup
x2R

qðxÞðD�A;nðAÞðs; xÞ � D�B;nðBÞðs; xÞÞ,

where for C 2 fA;Bg, the quantity D�C;nðCÞðs; xÞ is defined just like DC;nðCÞðs; xÞ but
now with F�C;nðCÞ instead of FC;nðCÞ. The empirical distribution of the T�nðs; qÞ serves
as an approximation to the distribution function Heq of Teqðs; qÞ. In particular, the
upper ath quantile za:¼ inffzX0 : HeqðzÞX1� ag can be approximated by

z�a:¼ inffzX0 : H�ðzÞX1� ag,

where H�ðzÞ:¼P�fT�nðs; qÞpzg with P� denoting the probability P conditioned on the
random variables X A;1; . . . ;X A;nðAÞ and X B;1; . . . ;X B;nðBÞ. In view of Theorem 1 with
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FA ¼ FB ¼ F we have that PfTnðs; qÞ4z�ag ! a. On the other hand, under the
alternative hypothesis H1 we have that PfTnðs; qÞ4z�ag ! 1. The asymptotic P-value
(empirical size) 1�HeqðTnðs; qÞÞ is approximated by

P�fT�nðs; qÞ4Tnðs; qÞg. (13)

Before applying the above bootstrap procedure in practice, we need to choose a
weight function q. To make the presentation more transparent, suppose we are
interested in testing for stochastic dominance at the order s ¼ 3. In view of condition
(6), which is needed for the validity of Theorem 1, we can choose from the class of
weight functions qðxÞ40 such that, when x!1,

qðxÞ ¼ Oð1=xÞ. (14)

When looking at the class of weight functions q described by condition (14), one
naturally thinks about two cases:
(1)
 For some fixed constant z, the weight function qðxÞ equals 1 for all xpz and 0 for
all x4z.
(2)
 For some fixed constants z and a, the weight function qðxÞ equals 1 for all xpz

and is of the form a=ðaþ x� zÞ for all x4z. (The parameter a40 regulates the
decay of the weight function.)
The test that involves the first weight function q will be called ‘truncated’, and the
test with the second choice of q will be called ‘weighted’. We certainly acknowledge
that there are many other possible choices of weight functions, but a full scale
analysis of such functions would be beyond the scope of the present paper.

We shall now present our findings demonstrating the potential advantage of using
the weighted test rather than the truncated one in the above bootstrap procedure.
We work with the Weibull distribution

F ðxÞ ¼ 1� exp �
x

m

� �g� �
; xX0

with the shape parameter g and the scale parameter m taking the following values (cf.
explanation below):
Year
 g
 m
1991
 1.326
 40,167

1994
 1.304
 45,246

1997
 1.300
 50,287
These three sets of parameters are indexed by a year because they are maximum
likelihood estimates for the distribution of the pre-tax household income in the US in
the given year, as presented in the paper by Bandourian et al. (2002). For the values
of g considered here, the parameter m is roughly equal to the mean of the Weibull
distribution. Numerical integration shows that, at the order s ¼ 3, the 1997
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distribution dominates the 1994 distribution which in turn dominates the 1991
distribution. We wish to compare the ability of the above introduced ‘truncated’ and
‘weighted’ tests to detect these dominances.

We used z ¼ 70; 000, which corresponds to a large historical household income.
The value of a was chosen to be 100,000. Note that in the weighted test, incomes
greater than zþ a receive less than half the weight of incomes smaller that z. The
value of a thus controls the rate of decay of the weight function: the larger the value
of a, the slower the decay. Furthermore, in our numerical experiments we used
nðAÞ ¼ nðBÞ ¼ m for m ¼ 50; 100; 250. The bootstrap P-values (13) were approxi-
mated using B ¼ 1000 bootstrap replications. In each experimental setting, we
generated R ¼ 100 Monte Carlo replications. Because of the way we present our
findings, larger values of R are not needed.

Fig. 1 compares the empirical distribution of the R P-values for the two tests with
m ¼ 100. The test statistics were computed with the 1991 distribution as distribution
‘‘A’’ and the distribution of the later year as distribution ‘‘B’’. Since the alternative is
known to be true, a superior test should have smaller P-values leading to more
rejections. The weighted test is seen to have superior power. The boxes in the plots
contain the central 50% of the P-values, the central bar indicates the median. The
whiskers indicate the range containing ‘‘most’’ P-values (the precise definition is
somewhat technical); the values not in this range are indicated by individual bars.
The plots for other values of m are similar.
Truncated Weighted

1991-94

Truncated Weighted

1991-97

0

20

40

60

80

0

20

40

60

80

Fig. 1. Boxplots of the P-values for the truncated and weighted tests.
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The inferior power of the truncated test is due to the fact that it does not use
observations over the truncation level z. The weighted test uses all observations, even
though large observations are used with decreasing weight. Its power does not
increase noticeably for a greater than the selected value of a ¼ 100; 000 as there are
very few incomes greater than this level. As a decreases, the power decreases. For
small a the weight function decays so fast that the weighted test becomes very similar
to the truncated test. For z in the range from 50,000 to 100,000 the power of the
truncated test increases with z.

The above argument, however, does not clearly indicate which test should have
better size. Rather than comparing empirical sizes for any given nominal size, we
again use a graphical comparison arrived at as follows. If a null hypothesis is true,
the P-values of a test whose empirical size is equal to the nominal size at every
significance level have uniform distribution on the interval ½0; 1�. Thus the empirical
distribution function of a finite number R of these P-values should be close to the 45�

line.
Fig. 2 shows the empirical distributions of the P-values for the two tests under the

null hypothesis in which both distributions ‘‘A’’ and ‘‘B’’ are equal to the 1991
Weibull distribution. It is seen that both tests have similar size properties; the upper
tail of a test statistic corresponds to the left bottom corner of each panel in Fig. 2, so
the large discrepancies in the right upper corner are not relevant in practice. The size
of the weighted test is not affected by the value of a.
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Fig. 2. Empirical distribution functions of the P-values under the null hypothesis FA ¼ FB.
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In conclusion, the weighted test has better power than the truncated test while its
size does not deteriorate.
6. Proofs
Proof of statement (11). We start with the note that when (10) holds, then the
integral

R1
0 jBðF ðyÞÞjdy converges almost surely. Indeed, this is true since the

expectation Eð
R1
0
jBðF ðyÞÞjdyÞ does not exceed the integral

R1
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� F ðyÞ

p
dy, which

is finite. To proceed with the proof of (11), we first fix L40, but later we shall let it
go to infinity. Since we are interested in the case when x!1, we assume without
loss of generality that Lox. We have

1

xs�2

Z x

0

ðx� yÞs�2BðF ðyÞÞdy�

Z L

0

1�
y

x

� �s�2

BðF ðyÞÞdy

���� ����
p 1�

L

x

� �s�2 Z 1
L

jBðF ðyÞÞjdy. ð15Þ

Using the Lebesgue’s dominated convergence theorem we have that, when x!1,
the integral

R L

0 ð1� y=xÞs�2BðF ðyÞÞdy converges to
R L

0 BðF ðyÞÞdy. Furthermore,
when x!1, then the right-hand side of bound (15) converges to

R1
L
jBðF ðyÞÞjdy,

and the latter integral converges to 0 when L!1 almost surely, since the integralR1
0
jBðF ðyÞÞjdy is finite almost surely. Collecting the above statements, we complete

the proof of statement (11). &

Proof of Theorem 1. We start with the notationeen:¼eA;nðAÞ � eB;nðBÞ,

where

eC;nðCÞðyÞ:¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðAÞnðBÞ

nðAÞ þ nðBÞ

s
ðF C;nðCÞðyÞ � FCðyÞÞ

for C 2 fA;Bg. Hence, for the quantity inside the supremum on the right-hand side
of bound (7), we have the following representation:

Vnðs; xÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nðAÞnðBÞ

nðAÞ þ nðBÞ

s
ðDAðs; xÞ � DBðs; xÞÞ

¼ V c
nðs; xÞ:¼

Z x

�1

ðx� yÞs�2eenðyÞdy, ð16Þ

where the superscript ‘c’ in V c
nðs; xÞ refers to ‘centered’. Next, we fix any LX1 (later

we shall let it converge to infinity) and write qðxÞV c
nðs; xÞ as the sum of the following



ARTICLE IN PRESS
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six quantities:

Q½1�n ðL;xÞ:¼I ð�1;�L�ðxÞ

Z x

�1

qðxÞðx� yÞs�2eenðyÞdy,

Q½2�n ðL;xÞ:¼I ð�L;L�ðxÞ

Z �L

�1

qðxÞðx� yÞs�2eenðyÞdy,

Q½3�n ðL;xÞ:¼I ð�L;L�ðxÞ

Z x

�L

qðxÞðx� yÞs�2eenðyÞdy,

Q½4�n ðL;xÞ:¼I ðL;1ÞðxÞ

Z �L

�1

qðxÞðx� yÞs�2eenðyÞdy,

Q½5�n ðL;xÞ:¼I ðL;1ÞðxÞ

Z L

�L

qðxÞðx� yÞs�2eenðyÞdy,

Q½6�n ðL;xÞ:¼I ðL;1ÞðxÞ

Z x

L

qðxÞðx� yÞs�2eenðyÞdy.

Hence, we have that, for some jyjp1,

sup
x2R

qðxÞV c
nðs; xÞ ¼ sup

x2R

ðQ½3�n ðL;xÞ þQ½5�n ðL;xÞÞ þ y sup
x2R

jQ½1�n ðL;xÞj

�
þ sup

x2R

jQ½2�n ðL; xÞj þ sup
x2R

jQ½4�n ðL;xÞj þ sup
x2R

jQ½6�n ðL; xÞj

�
. ð17Þ

A similar equality (with possibly different jyjp1) holds for the limit Tðs; qÞ:

Tðs; qÞ ¼ sup
x2R

ðQ½3�ðL;xÞ þQ½5�ðL;xÞÞ þ y sup
x2R

jQ½1�ðL;xÞj

�
þ sup

x2R

jQ½2�ðL;xÞj þ sup
x2R

jQ½4�ðL;xÞj þ sup
x2R

jQ½6�ðL; xÞj

�
, ð18Þ

where for example, we used Q½1�ðL;xÞ to denote the quantity Q½1�n ðL; xÞ with een

replaced by
ffiffiffi
Z
p

B1ðF Að�ÞÞ þ
ffiffiffiffiffiffiffiffiffiffiffi
1� Z
p

B2ðFBð�ÞÞ. In what follows we shall prove the
statement

sup
x2R

qðxÞV c
nðs; xÞ!dTðs; qÞ (19)

by obtaining appropriate convergence statements concerning the quantities on the
right-hand sides of Eqs. (17) and (18).

Quantities Q½1�n ðL; xÞ and Q½1�ðL; xÞ: Since both x and y are negative, the inte-
grand ðx� yÞs�2 does not exceed ys�2

� . The weight function q is bounded on the
negative half-line ð�1; 0�. Thus, the quantity in Q½1�n ðL;xÞ does not exceed
c
R�L

�1
ys�2
� jeenðF ðyÞÞjdy with a constant c ¼ cðqÞX0 that depends only on q. For

any fixed �40, we have that

sup
n

P

Z �L

�1

ys�2
� jeenðyÞjdyX�

� �
p

1

�

Z �L

�1

ys�2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eðee2nðyÞÞq

dy

p
c

�

X
C2fA;Bg

Z �L

�1

ys�2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FCðyÞð1� F cðyÞÞ

p
dy ð20Þ
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with a universal (i.e., not depending on any parameter) constant co1. Because of
assumption (8) [cf., also (12)], the integral on the right-hand side of bound (20)
converges to 0 when L!1. Hence, for any fixed �40, we have that

sup
n

P sup
x2R

jQ½1�n ðL;xÞjX�

� �
! 0; L!1. (21)

Statement (21) also holds with Q½1�n ðL;xÞ replaced by Q½1�ðL;xÞ.
Quantities Q½2�n ðL;xÞ and Q½2�ðL;xÞ: We first estimate the integrand qðxÞðx� yÞs�2

by considering the two cases �Lpxp1 and 1oxpL separately. In the first case we
have that ðx� yÞs�2pð1þ y�Þ

s�2. In the second case we have that qðxÞðx� yÞs�2

equals qðxÞxs�2ð1� yx�1Þs�2, and the latter quantity does not exceed cð1þ y�Þ
s�2

with a constant c ¼ cðq; sÞo1 that depends only on q and s. Thus, in both cases we
have that the integrand qðxÞðx� yÞs�2 does not exceed cð1þ y�Þ

s�2 with a constant
c ¼ cðq; sÞo1. This implies that Q½2�n ðL; xÞ does not exceed c

R�L

�1
ys�2
� jeenðyÞjdy. In

view of bound (20) we therefore have that, for any fixed �40,

sup
n

P sup
x2R

jQ½2�n ðL;xÞjX�

� �
! 0; L!1. (22)

Statement (22) also holds with Q½2�n ðL;xÞ replaced by Q½2�ðL;xÞ.
Quantities Q½4�n ðL;xÞ and Q½4�ðL; xÞ: Since x is positive, we estimate the integrand
ðx� yÞs�2 by cðxs�2 þ ys�2

� Þ, where c ¼ cðsÞo1 depends only on s. In view of
condition (6), we have that qðxÞxs�2 is bounded over the half-line ½0;1Þ. Thus, for all
x and y as they are in quantity Q½4�n ðL; xÞ, we have that qðxÞðx� yÞs�2 does not exceed
cð1þ ys�2

� Þ for some c ¼ cðq; sÞo1. Hence, Q½4�n ðL;xÞ does not exceed
c
R�L

�1
ys�2
� jeenðyÞjdy. Therefore, for any fixed �40,

sup
n

P sup
x2R

jQ½4�n ðL;xÞjX�

� �
! 0; L!1. (23)

Statement (23) also holds with Q½4�n ðL;xÞ replaced by Q½4�ðL;xÞ.
Quantities Q½6�n ðL; xÞ and Q½6�ðL; xÞ: Since ðx� yÞs�2 does not exceed xs�2, we have

that qðxÞðx� yÞs�2 does not exceed c ¼ cðq; sÞo1 that depends only on q and s. This
implies that Q½6�n ðL;xÞ does not exceed c

R1
L
jeenðyÞjdy. Analogously to bound (20), we

prove that

sup
n

P

Z 1
L

jeenðyÞjdyX�

� �
p

c

�

X
C2fA;Bg

Z 1
L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FCðyÞð1� F CðyÞÞ

p
dy (24)

with a universal constant co1. Because of assumption (8) [cf., also (10)], the
integral on the right-hand side of bound (24) converges to 0 when L!1. Hence,
for any fixed �40, we have that

sup
n

P sup
x2R

jQ½6�n ðL;xÞjX�

� �
! 0; L!1. (25)

Statement (25) also holds Q½6�n ðL;xÞ replaced by Q½6�ðL; xÞ.
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The remaining quantities Qn and QF : We want to show that

sup
x2R

ðQ½3�n ðL;xÞ þQ½5�n ðL; xÞÞ!d sup
x2R

ðQ½3�ðL;xÞ þQ½5�ðL;xÞÞ (26)

for every fixed LX1. Since uniform empirical processes convergence weakly to
Brownian bridges, the continuous mapping theorem implies statement (26) provided
that we have

sup
x2R

I ð�L;L�ðxÞ

Z x

�L

qðxÞðx� yÞs�2 dyo1, (27)

sup
x2R

I ðL;1ÞðxÞ

Z L

�L

qðxÞðx� yÞs�2 dyo1. (28)

Statement (27) holds since both x and y are in the finite interval ½�L;L�. To verify
statement (28), we note that qðxÞðx� yÞs�2 does not exceed qðxÞxs�2ð1þ jyjx�1Þs�2

and the latter does not exceed qðxÞxs�22s�2. Hence, assumption (6) completes the
proof of statement (28). We have proved statement (26).

In view of the above analyzes of the quantities Q½1�n ðL; xÞ; . . . ;Q
½6�
n ðL;xÞ and their

‘‘Gaussian’’ counterparts Q½1�ðL;xÞ; . . . ;Q½6�ðL;xÞ, Eqs. (17) and (18) imply statement
(19). This completes the proof of Theorem 1. &
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L. Horváth et al. / Journal of Econometrics 133 (2006) 191–205 205
Eubank, R., Schechtman, E., Yitzhaki, S., 1993. A test for second-order stochastic dominance.

Communications in Statistics—Theory and Methods 22, 1893–1905.

Kaur, A., Prakasa Rao, B.L.S., Singh, H., 1994. Testing for second-order stochastic dominance of two

distributions. Econometric Theory 10, 849–866.

Levy, H., 1992. Stochastic dominance and expected utility: survey and analysis. Management Science 38,

555–593.

Linton, O., Maasoumi, E., Whang, Y., 2003. Consistent testing for stochastic dominance under general

sampling schemes. Manuscript, London School of Economics, London, UK.

McFadden, D., 1989. Testing for stochastic dominance. In: Fomby, T.B., Seo, T.K. (Eds.), Studies in the

Economics of Uncertainty. Springer, New York, pp. 113–134.

Mosler, K., Scarsini, M., 1991. Stochastic orders and decision under risk. Institute of Mathematical

Statistics, Hayward, CA.

Müller, A., 1996. Orderings of risks: a comparative study via stop-loss transforms. Insurance:

Mathematics & Economics 17, 215–222.

Müller, A., Stoyan, D., 2002. Comparison Methods for Stochastic Models and Risks. Wiley, Chichester.

Schmid, F., Trede, M., 1996a. Testing for first order stochastic dominance in either direction.

Computational Statistics 11, 165–173.

Schmid, F., Trede, M., 1996b. Nonparametric inference for second-order stochastic dominance Discussion

Paper no. 2/96. Seminar of Economics and Social Statistics, University of Cologne, Cologne.

Schmid, F., Trede, M., 1998. A Kolmogorov-type test for second-order stochastic dominance. Statistics &

Probability Letters 37, 183–193.

Shaked, M., Shanthikumar, J.G., 1994. Stochastic Orders and their Applications. Academic Press, Boston,

MA.

Tsirel’son, B.S., 1975. The density of the distribution of the maximum of a Gaussian process. Theory of

Probability and its Applications 20, 847–856.


	Testing for stochastic dominance using the weighted McFadden-type statistic
	Introduction
	Stochastic dominance: definition and notation
	Weighted Kolmogorov-Smirnov-type statistic
	Asymptotic distribution of Tn(s;q)
	Bootstrap approximation and an illustrative application
	Proofs
	Acknowledgements
	References


