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Abstract

We study the almost sure convergence of the Bartlett estimator for the asymp-
totic variance of the sample mean of a stationary weekly dependent process. We
also study the a. s. behavior of this estimator in the case of long-range dependent
observations. In the weakly dependent case, we establish conditions under which the
estimator is strongly consistent. We also show that, after appropriate normaliza-
tion, the estimator converges a.s. in the long-range dependent case as well. In both
cases, our conditions involve fourth order cumulants and assumptions on the rate
of growth of the truncation parameter appearing in the definition of the Bartlett
estimator.

1. Introduction

If {Yi} is a weakly stationary sequence, then under weak conditions which
quantify short-range (weak) dependence

1
n

Var


 ∑

1≤i≤n

Yi


→ σ2 :=

∞∑
j=−∞

γj ,

as n → ∞, where γj = Cov(Y0, Yj). Inference for time series modeled by weakly
dependent processes requires estimation of the asymptotic variance σ2. One of the
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most popular estimators is the Bartlett estimator defined as

s2
n = γ̂0 + 2

∑
1≤j≤q(n)

ωj(q(n))γ̂j , (1.1)

where

γ̂j =
1
n

∑
1≤i≤n−j

(
Yi − Ȳn

)(
Yi+j − Ȳn

)
(1.2)

are the sample autocovariances and ωj(q) are the Bartlett weights defined by

ωj(q) = 1 − j

q + 1
. (1.3)

The estimator s2
n has also been used for long-range dependent observations Yi, see

Lo (1991). In the weakly dependent case, σ2 = 2πf(0), where f is the spectral
density of {Yi}, so s2

n/(2π) is also an estimator for f(0). An extension of the
estimator (1.1) to arbitrary frequencies has been studied extensively in the spectral
domain, so most results focused on L2 convergence. Giraitis et al. (2003) proved
that under regularity conditions quantifying weak dependence, s2

n
P→ σ2. They

also considered the in probability behaviour of s2
n when {Yi} exhibit long range

dependence. In the present paper we establish the almost sure consistency of the
variance estimator s2

n under the conditions used by Giraitis et al. (2003) in the case
of weak dependence as well as in the long memory case. Theorem 1.1 below plays
a crucial role in Berkes et al. (2003) who developed a procedure for distinguishing
between a sequence of long-range dependent observations and a sequence of weakly
dependent observations with a change point.

To lighten the notation, we assume in the following that EYi = 0.

Recall the definition of the fourth order cumulant κ(h, r, s) given by

κ(h, r, s) = E[YkYk+hYk+rYk+s] − (γhγr−s + γrγh−s + γsγh−r). (1.4)

We will also work with the quantity

ν(h, r, s) = Cov(YkYk+h, Yk+rYk+s)

= E[YkYk+hYk+rYk+s] − γhγr−s

= κ(h, r, s) + γrγh−s + γsγh−r. (1.5)

Theorem 1.1. Suppose {Yk} is a fourth order stationary sequence with EYi=0
and γj = Cov(Y0, Yj).

Suppose the sequence q(n) is nondecreasing and

sup
k≥0

q
(
2k+1

)
q (2k)

< ∞. (1.6)
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(i) Suppose, in addition, that∑
j

|γj | < ∞, (1.7)

sup
h

∑
r,s

|κ(h, r, s)| < ∞, (1.8)

and
q(n) → ∞ and q(n)(log n)4 = O(n). (1.9)

Then,

s2
n → σ2 :=

∞∑
j=−∞

γj a.s. (1.10)

(ii) Assume
1
2

< H < 1 (1.11)

and
γk ∼ c0k

2H−2 (1.12)

for some c0 > 0. Assume also that

q(n) → ∞ and q(n) = O
(
n(log n)−7/(4−4H)

)
(1.13)

and
sup

|h|≤q(n)

∑
−n≤r,s≤n

|κ(h, r, s)| = O
(
n2H−1

)
. (1.14)

Then
q(n)1−2Hs2

n → c2
H =

c0

H(2H − 1)
a.s. (1.15)

Remark 1.1. The proof of Theorem 1.1 remains valid if the Bartlett weights
(1.3) are replaced by arbitrary weights which in addition to (1.6) satisfy ωj(q) = 0
for |j| > q, 0 ≤ ωj(q) ≤ 1 and another condition which is different for parts (i) and
(ii). For part (i), it must be required (cf. (2.5)) that

lim
q→∞ ωj(q) = 1 for each j. (1.16)

For part (ii), it must be required that

lim
q→∞ q1−2H

∑
|j|≤q

ωj(q)γ̃j =
c0

(2H − 1)H
. (1.17)
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2. Proofs

Proof of part (i). Let

γ̃j =
1
n

n−|j|∑
i=1

YiYi+|j|, |j| < n.

Define also

Sk,l =
l∑

i=k

Yi.

Then

γ̂j − γ̃j =
(

1 − |j|
n

)
Ȳ 2

n − 1
n

Ȳn(S1,n−|j| + S|j|+1,n) =: δj .

As in the proof of Theorem 3.1 of Giraitis et al. (2003), decompose s2
n as

s2
n = vn,1 + vn,2,

where

vn,1 =
∑

|j|≤q(n)

(
1 − |j|

q(n) + 1

)
γ̃j ,

vn,2 =
∑

|j|≤q(n)

(
1 − |j|

q(n) + 1

)
δj .

It suffices to show that

vn,1 → σ2 a.s. (2.1)

and

vn,2 → 0 a.s. (2.2)

We first verify the easier relation (2.2). By (1.7) and Theorem 3.7.2 of Stout (1974)

|S1,n| = o
(
n1/2 log2 n

)
a.s. (2.3)

and consequently

max
1≤i≤j≤n

|Si,j | = o
(
n1/2 log2 n

)
a.s.

Hence, by (1.9),

∑
|j|≤q(n)

(
1 − |j|

q(n) + 1

)(
1 − |j|

n

)
Ȳ 2

n ≤ (2q(n) + 1)Ȳ 2
n

= o
(
(q(n)/n) log4 n

)
= o(1) a.s.
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and ∑
|j|≤q(n)

(
1 − |j|

q(n) + 1

)
1
n

∣∣Ȳn

∣∣ ∣∣S1,n−|j| + S|j|+1,n

∣∣

≤ 2q(n) + 1
n

o
(
log2 n

)
n1/2

(
n1/2 log2 n

)

= o

(
q(n) log4 n

n

)
= o(1) a.s.

This proves (2.2).
We now turn to the verification of (2.1). Set

zn = n(vn,1 − Evn,1) =
∑

|j|≤q(n)

(
1 − |j|

q(n) + 1

) n−|j|∑
i=1

(
YiYi+|j| − γ|j|

)
. (2.4)

Since

Evn,1 =
∑

|j|≤q(n)

(
1 − |j|

q(n) + 1

)(
1 − |j|

n

)
γj →

∞∑
j=−∞

γj = σ2, (2.5)

it suffices to verify that zn = o(n) a.s. In the study of zn, we replace q(n) with
q∗(n), where q∗(n) is constant on large intervals. This replacement will be done in
two steps. First we replace q(n) in the limit of summation and then in the sum
itself. We thus define

q∗(n) = q(2k), if 2k < n ≤ 2k+1

and introduce

z̃n =
∑

|j|≤q∗(n)

(
1 − |j|

q(n) + 1

) n−|j|∑
i=1

(
YiYi+|j| − γ|j|

)
, (2.6)

ẑn =
∑

|j|≤q∗(n)

(
1 − |j|

q∗(n) + 1

) n−|j|∑
i=1

(
YiYi+|j| − γ|j|

)
. (2.7)

We will show that
zn − z̃n = o(n) a.s., (2.8)

z̃n − ẑn = o(n) a.s. (2.9)

and

ẑn = o(n) a.s. (2.10)

We will use the relation

sup
h

∑
r,s

|ν(h, r, s)| < ∞ (2.11)
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which follows immediately from (1.8) and (1.7).
Clearly,

zn − z̃n =
∑

q∗(n)<|j|≤q(n)

(
1 − |j|

q(n) + 1

) n−|j|∑
i=1

(
YiYi+|j| − γ|j|

)

= ∆n,1 + ∆n,2, (2.12)

where

∆n,1 =
∑

q∗(n)<|j|≤q(n)

(
1 − |j|

q∗(n) + 1

) n−|j|∑
i=1

(
YiYi+|j| − γ|j|

)

and

∆n,2 =
∑

q∗(n)<|j|≤q(n)

|j|
(

1
q∗(n) + 1

− 1
q(n) + 1

) n−|j|∑
i=1

(
YiYi+|j| − γ|j|

)
.

We first show that

∆n,1 = o(n) a.s. (2.13)

For any 2k < m < n ≤ 2k+1, we write

∆n,1 − ∆m,1 =
∑

q∗(n)<|j|≤q(m)

(
1 − |j|

q∗(n) + 1

) n−|j|∑
i=m−|j|+1

(
YiYi+|j| − γ|j|

)

+
∑

q(m)<|j|≤q(n)

(
1 − |j|

q∗(n) + 1

) n−|j|∑
i=1

(
YiYi+|j| − γ|j|

)

=: a1(n, m) + a2(n, m). (2.14)

Using (2.11), we have

E[a1(n, m)]2

≤
∑

q∗(n)<|j|≤q(m)

∑
q∗(n)<|j′|≤q(m)

∑
m−|j|<i≤n−|j|

∑
m−|j′ |<i′≤n−|j′|

|Cov(YiYi+|j|, Yi′Yi′+|j′|)|

=
∑

q∗(n)<|j|≤q(m)

∑
q∗(n)<|j′|≤q(m)

∑
m−|j|<i≤n−|j|

∑
m−|j′ |<i′≤n−|j′|

|ν(|j|, i′ − i, i′ − i + |j′|)|

=
∑

q∗(n)<|j|≤q(m)

∑
q∗(n)<|j′|≤q(m)

∑
m<i<n

∑
m<i′<n

|ν(|j|, i′ − i − |j′| + |j|, i′ − i + |j|)|

≤ (n − m)
∑

|j|,|j′|≤q(m)

∑
|l|≤4n

|ν(|j|, l, l + |j′|)|

≤ C(n − m)q(m). (2.15)
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Applying (2.11) again, we obtain

E[a2(n, m)]2

≤
∑

q(m)<|j|≤q(n)

∑
q(m)<|j′|≤q(n)

n−|j|∑
i=1

n−|j′|∑
i′=1

|Cov(YiYi+|j|, Yi′Yi′+|j′|)|

=
∑

q(m)<|j|≤q(n)

∑
q(m)<|j′|≤q(n)

n−|j|∑
i=1

n−|j′|∑
i′=1

|ν(|j|, i′ − i, i′ − i + |j′|)|

≤ n
∑

q(m)<|j|≤q(n)

∑
q(m)<|j′|≤q(n)

∑
|l|≤4n

|ν(|j|, l, l + |j′|)|

≤ C(q(n) − q(m))n. (2.16)

Combining (2.14)–(2.16), we conclude that

E[∆n,1 − ∆m,1]2 ≤ C[(n − m)q(n) + (q(n) − q(m))n]

= C

n∑
i=m+1

[q(n) + (q(i) − q(i − 1))n]

≤ C

n∑
i=m+1

[
q
(
2k+1

)
+ (q(i) − q(i − 1))2k+1

]
. (2.17)

Using Problem 5 of Billingsley (1968), p. 102, (cf. Móricz et al. (1982)), we get

E max
2k<m≤2k+1

[
∆2k+1,1 − ∆m,1

]2
≤ C

[(
2k+1 − 2k

)
q
(
2k+1

)
+
(
q
(
2k+1

)− q
(
2k
))

2k+1
] (

log 2k+1
)2

,

and therefore the Chebishev inequality and (1.6) yield

P

{
max

2k<m≤2k+1
|∆2k+1,1 − ∆m,1| ≥ k7/4q1/2(2k)2k/2

}

≤ C

[(
2k+1 − 2k

)
q
(
2k+1

)
+
(
q
(
2k+1

)− q
(
2k
))

2k+1
]
k2

k7/2q (2k) 2k
≤ C

k3/2
.

The Borel–Cantelli lemma and (1.9) give

max
2k<m≤2k+1

|∆2k+1,1 − ∆m,1| a.s.= o
(
2k
)
. (2.18)
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Similarly to (2.15), we have, using (2.11)

E∆2
n,1 ≤

∑
q∗(n)<|j|,|j′|≤q(n)

∑
1≤i≤n−|j|

∑
1≤i′≤n−|j′|

∣∣Cov
(
YiYi+|j|, Yi′Yi′+|j′|

)∣∣
=

∑
q∗(n)<|j|,|j′|≤q(n)

∑
1≤i≤n−|j|

∑
1≤i′≤n−|j′|

|ν(|j|, i′ − i, i′ − i + |j′|)|

=
∑

q∗(n)<|j|,|j′|≤q(n)

∑
1≤i,i′≤n

|ν(|j|, i′ − i − |j′| + |j|, i′ − i + |j|)|

≤ n
∑

q∗(n)<|j|,|j′|≤q(n)

∑
|l|≤4n

|ν(|j|, l, l + |j′|)|

≤ Cnq(n). (2.19)

Hence the Chebishev inequality and (1.6) give

P
{

∆2k+1,1 ≥ k7/4q1/2(2k)2k/2
}
≤ C

2k+1q(2k+1)
k7/2q(2k)2k

≤ C

k7/2
,

so the Borel–Cantelli lemma and (1.9) yield

∆2k+1,1
a.s.= o(2k+1). (2.20)

Now (2.13) follows from (2.18) and (2.20).
Next we show

∆n,2 = o(n) a.s. (2.21)

Observe that

|∆n,2| =
∣∣∣∣q(n) − q∗(n)

q(n) + 1

∣∣∣∣
∣∣∣∣∣∣

∑
q∗(n)<|j|≤q(n)

|j|
q∗(n) + 1

n−|j|∑
i=1

(
YiYi+|j| − γ|j|

)∣∣∣∣∣∣
≤
∣∣∣∣∣∣

∑
q∗(n)<|j|≤q(n)

|j|
q∗(n) + 1

n−|j|∑
i=1

(
YiYi+|j| − γ|j|

)∣∣∣∣∣∣ .
For any 2k < m < n ≤ 2k+1, we write

∆n,2 − ∆m,2 =
∑

q∗(n)<|j|≤q(n)

|j|
q∗(n) + 1

n−|j|∑
i=1

(
YiYi+|j| − γ|j|

)

−
∑

q∗(n)<|j|≤q(m)

|j|
q∗(n) + 1

m−|j|∑
i=1

(
YiYi+|j| − γ|j|

)
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=
∑

q∗(n)<|j|≤q(m)

|j|
q∗(n) + 1

n−|j|∑
i=m−|j|+1

(
YiYi+|j| − γ|j|

)

+
∑

q(m)<|j|≤q(n)

|j|
q∗(n) + 1

n−|j|∑
i=1

(
YiYi+|j| − γ|j|

)

= a3(n, m) + a4(n, m).

Following the proofs of (2.15) and (2.16), we obtain

E[a3(n, m)]2 ≤ C(n − m)q(m), (2.22)

E[a4(n, m)]2 ≤ C(q(n) − q(m))n (2.23)

and

E∆2
n,2 ≤ Cnq(n). (2.24)

Just as relations (2.15), (2.16) and (2.19) implied (2.13), relations (2.22), (2.23) and
(2.24) imply (2.21).

Relation (2.8) follows from (2.13) and (2.21).
Observing that

z̃n − ẑn =
q(n) − q∗(n)

q(n) + 1

∑
|j|≤q∗(n)

|j|
q∗(n) + 1

n−|j|∑
i=1

(
YiYi+|j| − γ|j|

)
,

and following the proof of (2.21), one can easily verify that (2.9) holds.
Also, similarly to (2.15) and (2.24), for any 2k < m, n ≤ 2k+1, we have

E[ẑn − ẑm]2 ≤ C(n − m)q∗(n)

and

Eẑ2
n ≤ Cnq∗(n).

Hence, relation (2.10) follows from Problem 5 of Billingsley (1968), the Chebyshev
inequality, (1.6) and the Borel–Cantelli lemma.

Proof of part (ii). The idea of the proof is similar to that used in part
(i) but different bounds are needed. We use the same notation as in the proof of
part (i).

As verified on p. 291 of Giraitis et al. (2003)

q(n)1−2HEvn,1 = q(n)1−2H
∑

|j|≤q(n)

ωj(q(n))γ̃j → c0

H(2H − 1)
= c2

H . (2.25)

We first show that q(n)1−2Hvn,2 → 0 a.s. Observe that by (1.12) it follows
easily

ES2
k,l ≤ C(l − k + 1)2H
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and hence

E max
1≤l≤n

|S0,l|2 ≤ Cn2H (2.26)

by a maximal inequality of Billingsley (1968), p. 94. We will now verify that (2.26)
implies

max
1≤l≤n

|S0,l| = o
(
nH log n

)
a.s. (2.27)

Fix 1/2 < p < 1 and note that for any ε > 0

∑
1≤k<∞

P

(
max

1≤l≤2k
|S0,l| > ε2kHkp

)
≤ 1

ε2

∑
1≤k<∞

[
2kHkp

]−2
E max

1≤l≤2k
|S0,l|2

≤ 1
ε2

∑
1≤k<∞

[
2kHkp

]−2
C22kH

= C
1
ε2

∑
1≤k<∞

k−2p < ∞.

Hence, by the Borel–Cantelli lemma

max
1≤l≤2k

|S0,l| = o
(
2kHkp

)
a.s.

as k → ∞. Now, for any n, choosing k such that 2k−1 < n ≤ 2k, we obtain

max
1≤l≤n

|S0,l| ≤ max
1≤l≤2k

|S0,l| = o
(
2kHkp

)
= o

(
nH log n

)
a.s.,

establishing (2.27).
Using the definition of vn,2 and (2.27), it is easy to see that

q(n)1−2Hvn,2 = o(1)q(n)2−2H(log2 n)n2H−2

= o(1)
[
q(n)
n

(log n)1/(1−H)

]2−2H

a.s.

Therefore, assumption (1.13) implies that q(n)1−2Hvn,2 → 0 a.s.
We now show that q(n)1−2H(vn,1−Evn,1) → 0 a.s. This will be accomplished

by showing that

zn − z̃n = o
(
nq(n)2H−1

)
a.s., (2.28)

z̃n − ẑn = o
(
nq(n)2H−1

)
a.s. (2.29)

and

ẑn = o
(
nq(n)2H−1

)
a.s., (2.30)

with zn, z̃n and ẑn defined, respectively, by (2.4), (2.6) and (2.7).
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We obtain some inequalities for the second moments of zn − z̃n, z̃n − ẑn and
ẑn and their increments on the intervals

(
2k, 2k+1

]
. The inequality in Problem 5 of

Billingsley (1968), p. 102 (cf. also Corollary 3.1 in Móricz et al. (1982)) with the
Borel–Cantelli lemma then yields (2.28)–(2.30).

First we use the decompositions in (2.12) and (2.14). Similarly to (2.15) , for
2k < m < n ≤ 2k+1, we have, using the first relation of Lemma 2.1,

E[a1(n, m)]2 ≤ (n − m)
∑

|j|≤q(m)

∑
|j′|≤q(m)

∑
|l|≤4n

|ν(|j|, l, l + |j′|)|

≤ C(n − m)q(n)2Hn2H−1. (2.31)

As in (2.16), we have, using the second relation of Lemma 2.1,

E[a2(n, m)]2 ≤ n
∑

q(m)<|j|≤q(n)

∑
q(m)<|j′|≤q(n)

∑
|l|≤4n

|ν(|j|, l, l + |j′|)|

≤ C
(
(q(n) − q(m))n2Hq(n)2H−1

)
. (2.32)

Hence, using also (1.13) we get

P

{
max

2k<m≤2k+1

∣∣∆2k+1,1 − ∆m,1

∣∣ ≥ ε2k+1
[
q
(
2k+1

)]2H−1
}

≤ Ck2

ε2

(
2k+1 − 2k

)[
q
(
2k+1

)]2H
2(2H−1)k +

(
q
(
2k+1

) − q
(
2k
))[

q
(
2k+1

)]2H−1
22kH

22k [q(2k+1)]4H−2

≤ Ck2

ε2

(
q
(
2k+1

)
2k+1

)2−2H

≤ Ck−3/2

ε2
, (2.33)

so by the Borel–Cantelli lemma we have

max
2k<m≤2k+1

∣∣∆2k+1,1 − ∆m,1

∣∣ = o
(
2k+1

[
q
(
2k+1

)]2H−1
)

a.s. (2.34)

Similarly,

E∆2
n,1 ≤ C(nq(n))2H ,

so by (1.6), (1.13) and the Borel–Cantelli lemma we have

∆2k+1,1
a.s.= o

(
2k+1

(
q
(
2k+1

))2H−1
)

.

Hence we conclude that

∆n,1 = o
(
nq(n)2H−1

)
a.s. (2.35)
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Similarly, along the lines of the proof of (2.21) and (2.35), we get

∆n,2 = o
(
nq(n)2H−1

)
a.s., (2.36)

completing the verification of (2.28).
The proofs of (2.29) and (2.30) are similar to that of (2.28) and are therefore

omitted.

We conclude this section with Lemma 2.1 which was used in the proof of
Theorem 1.1. The proof of Lemma 2.1 uses Lemma 2.2 which follows the proof of
Lemma 2.1.

Lemma 2.1. Suppose {Xk} is a fourth order stationary sequence. If (1.12)
is satisfied with 1/2 < H < 1 and assumptions (1.13) and (1.14) hold, then

∑
|h|≤q(n)

∑
|s|≤q(n)

∑
|r|≤4n

|ν(h, r, r + |s|)| = O
(
q(n)2Hn2H−1

)
(2.37)

and ∑
q(m)<|h|≤q(n)

∑
q(m)<|s|≤q(n)

∑
|r|≤4n

|ν(|h|, r, r + |s|)|

= O
(
(q(n) − q(m))n2H−1q(n)2H−1

)
. (2.38)

Proof. We note that by (1.6), relation (1.14) remains valid if the summation
domain −n ≤ r, s ≤ n is changed to −4n ≤ r, s ≤ 4n. Thus

∑
|h|≤q(n)

∑
|s|≤q(n)

∑
|r|≤4n

|κ(h, r, r + |s|)| = O
(
q(n)n2H−1

)
,

and by Lemma 2.2

∑
|h|≤q(n)

∑
|s|≤q(n)

∑
|r|≤4n

[ ∣∣γrγ|h|−(r+|s|)
∣∣+ ∣∣γr+|s|γ|h|−r

∣∣ ]

≤ q(n)


sup

h

∑
|s|≤q(n)

∣∣γ|h|−(r+|s|)
∣∣ ∑
|r|≤4n

|γr| + sup
h

∑
|r|≤4n

∣∣γ|h|−r

∣∣ ∑
|s|≤q(n)

∣∣γr+|s|
∣∣



= O
(
q(n)2Hn2H−1

)
.

Since H > 1/2, we have q(n) = o
(
q(n)2H

)
, and so (2.37) follows from the iden-

tity (1.5).
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Using (1.14) again, we have∑
q(m)<|h|≤q(n)

∑
q(m)<|s|≤q(n)

∑
|r|≤4n

|κ(|h|, r, r + |s|)| = O
(
(q(n) − q(m))n2H−1

)

and by Lemma 2.2, ∑
q(m)<|h|≤q(n)

∑
q(m)<|s|≤q(n)

∑
|r|≤4n

∣∣γrγ|h|−(r+|s|)
∣∣

= 2
∑

q(m)<|h|≤q(n)

∑
q(m)<s≤q(n)

∑
|r|≤4n

∣∣γrγ|h|−s−r

∣∣

≤ 2
∑

q(m)<|h|≤q(n)

∑
|i|≤2q(n)

∑
|r|≤4n

|γrγi−r|

≤ C(q(n) − q(m))n2H−1q(n)2H−1.

Similarly, by (1.12) and Lemma 2.2,∑
q(m)<|h|≤q(n)

∑
q(m)<|s|≤q(n)

∑
|r|≤4n

∣∣γr+|s|γ|h|−r

∣∣

=
∑

q(m)<|h|≤q(n)

∑
q(m)<|s|≤q(n)


 ∑

0≤r≤4n

+
∑

−4n≤r≤−1


∣∣γr+|s|γ|h|−r

∣∣

≤ C(q(n) − q(m))




1 +

∑
1≤r≤4n

r2H−2


 ∑

q(m)<|h|≤q(n)

∣∣γ|h|−r

∣∣

+
∑

−4n≤r≤−1

|r|2H−2
∑

q(m)<|s|≤q(n)

∣∣γr+|s|
∣∣



≤ C(q(n) − q(m))n2H−1q(n)2H−1.

Lemma 2.2. Suppose {Xk} is a fourth order stationary sequence. If (1.12) is
satisfied with 1/2 < H < 1, then

k∑
i=1

|γi+v| ≤ Ck2H−1

uniformly in v = 0,±1,±2, . . . .



24 i. berkes et al.

Proof. Let v ≥ 1, then
k∑

i=1

|γi+v| ≤ C

k∑
i=1

|i + v|2H−2

≤ C
k∑

i=1

|i|2H−2 ≤ Ck2H−1.

Let v ≤ 0. If v ≤ −k − 1 then we have
k∑

i=1

|γi+v| ≤ C

k∑
i=1

|i + v|2H−2 ≤ C

k∑
i=1

|i − k − 1|2H−2

≤ C

k∑
i=1

|i|2H−2 ≤ Ck2H−1.

If −k − 1 ≤ v ≤ 0, we have
k∑

i=1

|γi+v| ≤ 2C

2k∑
i=1

|i|2H−2 ≤ Ck2H−1.
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Department of Mathematics

University of Utah

155 South 1440 East

Salt Lake City, UT 84112-0090

USA

Piotr Kokoszka

Department of Mathematics and Statistics

Utah State University

3900 Old Main Hill

Logan, UT 84322-3900

USA

Qi-man Shao

Department of Mathematics

University of Oregon

Eugene, OR 97403-1222

USA

and

Department of Statistics and Applied Probability

National University of Singapore

Singapore 117543

Singapore


