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ALMOST SURE CONVERGENCE OF THE BARTLETT
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Abstract

We study the almost sure convergence of the Bartlett estimator for the asymp-
totic variance of the sample mean of a stationary weekly dependent process. We
also study the a. s. behavior of this estimator in the case of long-range dependent
observations. In the weakly dependent case, we establish conditions under which the
estimator is strongly consistent. We also show that, after appropriate normaliza-
tion, the estimator converges a.s. in the long-range dependent case as well. In both
cases, our conditions involve fourth order cumulants and assumptions on the rate
of growth of the truncation parameter appearing in the definition of the Bartlett
estimator.

1. Introduction

If {Y;} is a weakly stationary sequence, then under weak conditions which
quantify short-range (weak) dependence

1 ) -
EVar Z Y| —o" = Z Vi
1<i<n j=—00

as n — oo, where v; = Cov(Yp,Y;). Inference for time series modeled by weakly
dependent processes requires estimation of the asymptotic variance o2. One of the
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12 1. BERKES et al.

most popular estimators is the Bartlett estimator defined as

se=%+2 . wilan), (1.1)
1<5<q(n)
where
. 1 = -
Y= Y (= Ya) (Vi = Ya) (1.2)
1<i<n—j

are the sample autocovariances and w;(q) are the Bartlett weights defined by

J

wi(q) =1 T (1.3)
The estimator s2 has also been used for long-range dependent observations Y;, see
Lo (1991). In the weakly dependent case, o> = 2w f(0), where f is the spectral
density of {Y;}, so s2/(2n) is also an estimator for f(0). An extension of the
estimator (1.1) to arbitrary frequencies has been studied extensively in the spectral
domain, so most results focused on L? convergence. Giraitis et al. (2003) proved
that under regularity conditions quantifying weak dependence, s> = 2. They
also considered the in probability behaviour of s2 when {Y;} exhibit long range
dependence. In the present paper we establish the almost sure consistency of the
variance estimator s2 under the conditions used by Giraitis et al. (2003) in the case
of weak dependence as well as in the long memory case. Theorem 1.1 below plays
a crucial role in Berkes et al. (2003) who developed a procedure for distinguishing
between a sequence of long-range dependent observations and a sequence of weakly
dependent observations with a change point.

To lighten the notation, we assume in the following that EFY; = 0.

Recall the definition of the fourth order cumulant x(h,r, s) given by
t(h, 1, 8) = EYkYirnYisr Yits] — (WVr—s + ¥ ¥h—s + Vs Vh—r)- (1.4)
We will also work with the quantity
v(h,r,s) = Cov(YeYitn, YitrrYits)
= EY3YirnYitrYits] — myr—s

= li(h, T, 3) + YrYh—s + Vs Vh—r- (15)

THEOREM 1.1. Suppose {Y}} is a fourth order stationary sequence with EY;=0
and ~y; = Cov(Yy, Y;).
Suppose the sequence q(n) is nondecreasing and

k+1
sup g (2 )

sup 7(] D < 0. (1.6)
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(i) Suppose, in addition, that

> vl < oo (1.7)
J
supz |k(h,r, s)| < o0, (1.8)
h r,8
and
q(n) — oo and ¢(n)(logn)* = O(n). (1.9)
Then,
s2 —o0? = Z v a.s. (1.10)
Jj=—00
(i) Assume
% <H<1 (1.11)
and
e ~ cok?T 2 (1.12)
or some cg > 0. Assume also that
f 0. A Iso th
g(n) = o0 and gq(n)=0 (n(log n)*7/(4*4H)> (1.13)
and
sup Z lk(h,r,8)| =0 (n*"71). (1.14)
[h|<g(n) —n<r,s<n
Then
1-2H 2 2 _ ‘o
q(n) s — = HEH=1) a.s. (1.15)

REMARK 1.1. The proof of Theorem 1.1 remains valid if the Bartlett weights

(1.3) are replaced by arbitrary weights which in addition to (1.6) satisfy w;(¢) =0

for [j] > ¢, 0 < w;(g) <1 and another condition which is different for parts (i) and
(ii). For part (i), it must be required (cf. (2.5)) that

lim w;(q) =1 for each j. (1.16)

q—00

For part (ii), it must be required that

: 1—-2H (A — €o

l71<q



14 1. BERKES et al.

2. Proofs

PROOF OF PART (i). Let
1 n—|jl
== D ViV, il <n.
=1

Define also

!
Ski = Z Y;.
i—k

Then

L - i o2 1
Y — = (1 - V7?2 — EYn(Sl,nfm + Sij1+1,n) =: ;.

As in the proof of Theorem 3.1 of Giraitis et al. (2003), decompose s2 as

2
S, = Un,1 + Un,2,

l71<q(n)

[71<q(n)

where

It suffices to show that

Up,1 — o a.s.

and

Up2 — 0 a.s.

(2.1)

(2.2)

We first verify the easier relation (2.2). By (1.7) and Theorem 3.7.2 of Stout (1974)

[Sin| =0 <n1/2 log? n) a.s.
and consequently

max |9 =0 (n1/2 log? n) a.s.
1<i<;j<n

Hence, by (1.9),

|j|<z(1:(n) <1 B q(7”t|)]|+ 1) (1 - Z_') o < (2a(m) + DY,
B = 0((g(n)/n)log" n)

=o(1) a.s.

(2.3)



ALMOST SURE CONVERGENCE OF THE BARTLETT ESTIMATOR 15

and

7] )1 -
1— = ) = |[Va| [S1 i) + S)jiti,n]
lil<a(n) q(n)+1/n

2
< 2q(n) +10 (lolg n) (nl/z log? n)
n nl/2

0 (M) —o() as.

n

This proves (2.2).
We now turn to the verification of (2.1). Set

B B 1] n—|Jl
Zn = TL(UnJ — Evn,l) = Z ) <1 — W) Z; (EK+|]| — ’Yljl) . (24)

l71<q(n i=
Since
H H - 2
Euv, = 1—— Y (1=, =02, 2.5
Va1 Z ( OES - %H,Z% o (2.5)
[71<a(n) j=—o00

it suffices to verify that z, = o(n) a.s. In the study of z,, we replace ¢(n) with
q*(n), where ¢*(n) is constant on large intervals. This replacement will be done in
two steps. First we replace ¢(n) in the limit of summation and then in the sum
itself. We thus define

q*(n) = q(2%), if 2% <n < 2FF!

and introduce

N ]
= ) (1_ q(,g%) ; (YiYirijt = 31) » (2.6)

, n—ljl
CE DY (1 - #) Z (YiYigi5 = 31) - (2.7)

=1

We will show that

Zn — Zn =o0(n) a.s., (2.8)
Zn—2n=o0(n) a.s (2.9)

and
2, =o0(n) a.s. (2.10)

We will use the relation

su v(h,r,s)| < oo 2.11
hpZI( )l (2.11)

T,
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which follows immediately from (1.8) and (1.7).
Clearly,

. n—|3l
) :

g+ (n)<l|jl<q(n

= Bni+ Ana, (2.12)

where
. n—|j]
|1
A= 3 L= o577 2 (Wi =)
- g*(n)+1) &

q*(n)<|jl<q(n) i=1

and

’ 1 1 n—|j|
An,2 = Z |J| (q*(n)+1 - q(n)+1> Z (KE-HJ‘ _7\1'\) :

g*(n)<|jl<q(n)
We first show that
An1=o0(n) as. (2.13)

For any 2% < m < n < 21 we write

) n—|Jl
171
Api— Ay = > ) <1 O > (YWY — i)

g*(n)<|jl<q(m i=m—|j|+1

. n—|j]
IR YN (=) DI WER

q(m)<|j|<g(n) i=1

=:a1(n,m) + az(n,m). (2.14)
Using (2.11), we have
Elai(n,m)]*

< > > > > |Cov(YiYitj), YirYirgpjr)l

g*(n)<|j|<q(m) g*(n)<|i’|<q(m) m—|j|<i<n—|j| m—|j’|<i’<n—|j/|

- ¥ 3 > > wlil, & =, & =i+ 1))

g*(n)<|jl<q(m) q*(n)<|i’|<q(m) m—|j|<i<n—|j| m—|j’'|<i’<n—|j'|

= > > ST Wil i =i =15+ Ll & =i+ 1))

g* (n)<|j|<q(m) g*(n)<|j’|<q(m) m<i<n m<i/<n

St-m) S S il L i+ 15D

71,157 1<q(m) [l|<4n

< C(n —m)gq(m). (2.15)
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Applying (2.11) again, we obtain

Elaz(n,m))?

n—|j| n—|j’|

< > > Z Z |Cov(YiYiyj, YirYiryj))l

q(m)<|jl<q(n) q(m)<|j"|<q(n)

n—|j| n—lj’|

= > > S0 il 7 iy i =i+ [5)]

q(m)<|j|l<q(n) g(m)<|j’[<q(n) =1 =1

<n Y >, > vl L i+ 1)

a(m)<|jl<q(n) q(m)<l|j’|<q(n) |l|<4n
< C(g(n) — q(m))n. (2.16)
Combining (2.14)—(2.16), we conclude that

E[A, 1 — Am,1]2 < C[(n —m)q(n) + (¢(n) — qg(m))n]
Z — q(i—1))n]
Z (2M7) + (q(i) — q(i — 1))28T1] . (2.17)

Using Problem 5 of Billingsley (1968), p. 102, (cf. Mdricz et al. (1982)), we get

2
E max [A2k+1’1 — Am,l]
2k <m<2k+1

<C [(2k+1 _ 2k) q (2k+1) n (q (2k+1) s (2k)) 2k+1] (log 2k+1)27

and therefore the Chebishev inequality and (1.6) yield

i {2k<%<2k [Borern = Amal 2 k7/4q1/2(2k)2k/2}
<ol -2 (M) + (g (M) —q(27) 2R C

k:7/2q (Qk) 2k = k3/2°
The Borel-Cantelli lemma and (1.9) give

|Agk+1 1 — Apy 1] o (Qk) . (2.18)

ma.
2k<m<2k+1



18 1. BERKES et al.

Similarly to (2.15), we have, using (2.11)

EAL S ), > D |Cov(ViYiuy, YeYiry)|
q*(n)<|j],15"1<q(n) 1<i<n—|j] 1</ <n—|j|
= > > ST gl @ =iy =i+ D)
q*(n)<|j],15"1<q(n) 1<i<n—|j] 1</ <n—|j|
= > S il @ —i— 1+ 1l i =i+ 1G]]
g*(n)<|jl,13"|<q(n) 1<i,4/<n
<n > > il Lo i+
g*(n)<|jl,15"1<q(n) |l|<4n
< Cng(n). (2.19)

Hence the Chebishev inequality and (1.6) give

2k+1q(2k+1) - C
k7/2q(2k)2k - k7/2’

P {AQM1 > k7/4q1/2(2k)2k/2} <C

so the Borel-Cantelli lemma and (1.9) yield
Agri1y E o(2M). (2.20)

Now (2.13) follows from (2.18) and (2.20).
Next we show

A, 2=o0(n) as. (2.21)
Observe that
L =l
q(n) —q*(n) 7]
A, = P12 > = —=> (Vi — )
, 1 * 1
a(n) + oy <i<am T T

i=1

n—|jl

> # > (VY — )|

g*(n)<|j|<q(n) i=1

IN

For any 2% < m < n < 21 we write

n—|3l

A - 3 141
m2 Am’z Tw (o) 1 E (YiYi+|j| - '7|j|)
, q*(n) +1 &
g*(n)<|j|<q(n) i=1
m—|j|

- > 7q*(7g|+ - D (VY — )

g+ (n)<l|jl<q(m) i=1
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n—|jl

= > % Y (Y =)

q*(n)<|jl<q(m) i=m—|j|+1

n—|jl

a(m)<ljl<a(n) 1 =
= ag(n,m) + as(n,m).

Following the proofs of (2.15) and (2.16), we obtain

Elaz(n,m)]* < C(n —m)q(m), (2.22)
Blaa(n, m)]? < Clg(n) — g(m))n (2.23)

and
EA%L,2 < Cng(n). (2.24)

Just as relations (2.15), (2.16) and (2.19) implied (2.13), relations (2.22), (2.23) and
(2.24) imply (2.21).

Relation (2.8) follows from (2.13) and (2.21).

Observing that

n—|Jl

. . qn)—q(n) lJl
zn—znZW Z W Z (YiYiHJ’\ _'7|j|)’
i1<q*(n) =1

and following the proof of (2.21), one can easily verify that (2.9) holds.
Also, similarly to (2.15) and (2.24), for any 2% < m,n < 251 we have
Bz — Zm]* < C(n —m)q*(n)
and
E32 < Cng*(n).

Hence, relation (2.10) follows from Problem 5 of Billingsley (1968), the Chebyshev
inequality, (1.6) and the Borel-Cantelli lemma.

PROOF OF PART (ii). The idea of the proof is similar to that used in part
(i) but different bounds are needed. We use the same notation as in the proof of
part (i).

As verified on p. 291 of Giraitis et al. (2003)

q(n) 2" Ev,y = q(n)' 2" > wilg(n); —
[71<q(n)

Co 2
S — 2
rem—1n . 2%)

We first show that ¢(n)!=2#v,, o — 0 a.s. Observe that by (1.12) it follows
easily

ESp, <C(l—k+1)*"
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and hence
FE max |Sp,|* < Cn?H (2.26)
1<i<n
by a maximal inequality of Billingsley (1968), p. 94. We will now verify that (2.26)
implies

H
Jmax |So4] =0 (n"logn) a.s. (2.27)

Fix 1/2 < p < 1 and note that for any € > 0
Z P( max |So;| > e2kap)

1<1<2k

1<k<o0

IA

1 —2
- Z [Qkap] E max |So,l|2
1 <heoo 1si<2b

<5 S M) o

1<k<o0

€2

1 -2
:ce—2 Z k%P < .

1<k<o0

Hence, by the Borel-Cantelli lemma

_ kH 1.p
122};}@ |Sou] =0 (2"kP)  a.s.

as k — oo. Now, for any n, choosing k such that 28~ < n < 2*, we obtain

_ kH 1.p\ _ H
max 1S0.| < max, 1S0,4] = 0 (2"'kP) = 0 (n" logn) a.s.,

establishing (2.27).
Using the definition of v, 2 and (2.27), it is easy to see that

q(n)' = v,2 = o(1)q(n)* =" (log® n)n~2

4(n) 2-2H
=o(1) T(logn)l/(lfH) a.s.

Therefore, assumption (1.13) implies that q(n)*~27v, 5 — 0 a.s.
We now show that ¢(n)'=2# (v, 1 — Ev, 1) — 0 a.s. This will be accomplished
by showing that

zn — Zn =0 (ng(n)*" 1) as., (2.28)
Zn— 20 =0(ngn)*" 1) as. (2.29)

and
2o =o0(ngn)*" 1) as., (2.30)

with zp, Z, and %, defined, respectively, by (2.4), (2.6) and (2.7).
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We obtain some inequalities for the second moments of z, — Z,,, Z, — 2, and
Zpn, and their increments on the intervals (2’“, 2’“‘“]. The inequality in Problem 5 of
Billingsley (1968), p. 102 (cf. also Corollary 3.1 in Mdricz et al. (1982)) with the
Borel-Cantelli lemma then yields (2.28)—(2.30).

First we use the decompositions in (2.12) and (2.14). Similarly to (2.15) , for
28 < m < n <21 we have, using the first relation of Lemma 2.1,

Elai(nm)® < (n—m) > > > (il L L+

l71<q(m) 15'1<q(m) [|l|<4n

IN

C(n —m)q(n)*Hn2H-1, (2.31)

As in (2.16), we have, using the second relation of Lemma 2.1,

E[cm(n,m)]Q S n Z Z Z |V(|.]|7 l? l+|.]/|)|

a(m)<ljl<a(n) a(m)<|3'|<a(n) |i|<4n
< C((a(n) — a(m))n*q(n)*"1). (2.32)

Hence, using also (1.13) we get

P{ max |Agii g — Ap| > 28 [g (2’”1)]%{1}

2k <m<2k+1

_ OB (24122 g2 1) ]2 20 Dby (g(241) g (2)) (2]

- €2 92k [q(2k+1)]4H—2
2—2H
C’k2 q (2k+1) C«k73/2

< €2 ( 2k+1 < €2 ) (233)

so by the Borel-Cantelli lemma we have
max  |Agerig — Api| =0 <2k+1 lq (2k+1)]2H_1> a.s (2.34)
gkemeaiit |2 0t o - '

Similarly,

EA} , < C(ng(n))*",

so by (1.6), (1.13) and the Borel-Cantelli lemma we have
Mg E o (2k+1 (q (2k+1))2H‘1) .

Hence we conclude that

Ap1=o0 (nq(n)QH_l) a.s. (2.35)

)
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Similarly, along the lines of the proof of (2.21) and (2.35), we get

2H71)

A2 = o(ng(n) a.s., (2.36)

completing the verification of (2.28).

The proofs of (2.29) and (2.30) are similar to that of (2.28) and are therefore
omitted.

We conclude this section with Lemma 2.1 which was used in the proof of
Theorem 1.1. The proof of Lemma 2.1 uses Lemma 2.2 which follows the proof of
Lemma 2.1.

LEMMA 2.1. Suppose {Xi} is a fourth order stationary sequence. If (1.12)
is satisfied with 1/2 < H < 1 and assumptions (1.13) and (1.14) hold, then

S>> e+ s =0 (g(n)* 0T (2.37)

||<q(n) [s|<q(n) |r|<4n

and

> > Y lv(hlrr+s))

q(m)<|h|<q(n) q(m)<|s|<q(n) |r|<4n

=0 ((a(n) — g(m))n*"~q(n)*"71). (2.38)

PrOOF. We note that by (1.6), relation (1.14) remains valid if the summation
domain —n <7, s < n is changed to —4n < r,s < 4n. Thus

> Y Y kbt Is)l =0 (a(mn?fY)

||<q(n) |s|<q(n) |r|<dn

and by Lemma 2.2

oD > [lwmmeessnl F rrrsnni—l ]

[h|<q(n) [s|<q(n) |r|<4n

<q(m) [swp D> Pu—erisn] Do bel+sup D ne] D el
" si<a(n) |r|<4n " ri<an |s|<q(n)

=0 (q(n)2Hn2H71) .

Since H > 1/2, we have q(n) = o (g(n)?""), and so (2.37) follows from the iden-
tity (1.5).
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Using (1.14) again, we have

Z Z Z [6(|h],r,r + [s])] = O ((g(n) — g(m))n*-1)

q(m)<|h|<q(n) q(m)<[s|<q(n) |r|<4n

and by Lemma 2.2,

> > Y hevi—erisl

q(m)<|h|<g(n) q(m)<|s|<q(n) |r[<4n

=2 ) > > hewnes

q(m)<|h|<g(n) gq(m)<s<q(n) [r|<4n

<2 Z Z Z [YrYirl

a(m)<Ih|<q(n) i|<2q(n) |r|<dn
< C(g(n) — q(m))n*"q(n)*" 1.

Similarly, by (1.12) and Lemma 2.2,

Z Z Z |%+|5W|h\—r|

q(m)<|h|<q(n) q(m)<[s|<q(n) |r|<4n

= > > oo+ > | essar

a(m)<|h|<q(n) q(m)<|s|<q(n) \0<r<dn —dn<r<-1

<Clgln) —q(m)) | [1+ > M2 > i

1<r<4n q(m)<|h|<q(n)
4 Z || 2H =2 Z |7r+\s||
—4n<r<-1 q(m)<|s|<q(n)

< Cla(n) — q(m))n"~q(n)*" 1.

LEMMA 2.2. Suppose { Xy} is a fourth order stationary sequence. If (1.12) is
satisfied with 1/2 < H < 1, then

k
> bl < ORI

i=1

uniformly in v=0,£1,£2,....
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PROOF. Let v > 1, then
k k
Z [Yito| < CZ i+ o272
i=1 i=1

k
< CZ |7;|2H72 < Ck2H-T,
i=1
Let v <0. If v < —k — 1 then we have

k k k
D il SCY lit o2 <Cy i k-1
i=1 i=1 i=1

k
< CZ i|2H-2 < ox2H-1,

i=1
If —k—1<wv <0, we have
k 2k
S el 20332 < a1,
i=1 i=1
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