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Abstract. Suppose that 7,(j) is the lag-j autocorrelation of the squared residuals computed from a realization of length
n under the assumption that the observations follow a GARCH(1, 1) model. We study the asymptotic distribution of the
statistics of the form Q, = n Zlgigjgm(n) Al.l/zf,,(i)ym (@, j))»}/zfn (j), where the A; are nonnegative summable weights
and the matrix y,, (@, j), 1 < i, j < m, can be estimated from the data. We show that, under weak assumptions on model
errors, the statistic O, converges in distribution to Q =3 1 ; _ )»iNiz, where the N; are iid standard normal. We discuss
choices of the weights A ; for which the distribution of Q is tabulated. Our results lead to and provide a rigorous justification
for Portmanteau goodness-of-fit tests for GARCH(1, 1) specification.
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1. INTRODUCTION

This paper is concerned with developing the asymptotic theory for goodness-of-fit tests based on weighted
sums of autocorrelations of squared GARCH(1, 1) residuals. It extends our research presented in Horvéth and
Kokoszka [12] and Berkes et al. [3] in several directions. In Horvath and Kokoszka [12], we considered the
original ARCH(p) model of Engle [10] and assumed that the model errors have finite fourth moments. In Berkes
et al. [3], we considered the more general GARCH(p, ¢) model of Bollerslev [6] and imposed much weaker
assumptions on model errors, but focused only on a standard sum of squares statistic. The reason for considering
a narrower class of statistics in the GARCH(p, ¢) case was that the GARCH specification is mathematically
more difficult to deal with in many respects relevant to the problems considered here. The present paper shows
how these problems can be addressed in the setting of the popular GARCH(1, 1) model. It can be expected that
our theory can be extended to the general GARCH(p, ¢g) specification but such an extension would potentially be
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very technical and is not undertaken here. We would like to point out that the GARCH(1, 1) model often exhibits
features qualitatively different from those of the ARCH(p) model, and many authors focused on GARCH(1, 1)
to develop new insights (see, e.g., Nelson [22], Lumsdaine [18], Terdsvirta [28], Maercker and Moser [19],
Mikosch and Stérica [20], Ling and Li [17], and Berkes et al. [4], among others). The GARCH(1, 1) model is
often sufficient to capture the main features of the volatility process and for its prediction (see, e.g., Chapter 15
of Hull [13] and Chapter 7 of Zivot and Wang [30]).

We now briefly explain the main idea of the present paper. For linear time series models, including the
popular ARMA models, the usual practice to assess the goodness-of-fit of a model is to examine the plot of
the autocorrelations of the residuals and check whether it looks approximately like a plot of the autocorrelations
of a white noise sequence. In addition, several formal statistical tests are applied. The most popular of these,
the Ljung—-Box and McLeod-Li tests, are based on sums of autocorrelations of, respectively, residuals and
squared residuals and have the asymptotic x2 distribution (see, e.g., Brockwell and Davis [7] for the details).
Suppose now that 7, (k) is the lag-k autocorrelation of the squared residuals of a GARCH(1, 1) sequence (precise
definitions are given in Section 2). According to Theorem 3.1, the statistic Zle f,% (k) does not converge to a
x? distribution. In order to obtain an asymptotic x2 distribution, one has to construct a quadratic form as in
relation (3.15) in Theorem 3.2. Results of this type have been known some time. Using heuristic derivations, Li
and Mak [15] obtained such results under the assumption of normal errors. In this paper, we provide rigorous
mathematical arguments valid under very weak conditions on the errors which are not even assumed to have a
density (see conditions (2.6)—(2.10)). The y2-statistic in (3.15) is based on K lags, where K is a fixed constant.
All lags contribute essentially the same amount to the value of the test statistic. However, we may not wish to
specify an a priori upper limit on the number of the lags and may want to give different weights to different
lags. We show in Theorem 3.3 that this is possible for the GARCH(1, 1) model.

The paper is organized as follows. In Section 2, we collect the necessary definitions and state the assumptions.
In Section 3, we recall the relevant results of our previous work and state the main result of the paper in Theorem
3.3, which is followed by a number of examples. Section 4 contains the proof of Theorem 3.3. At the beginning
of that section, we outline the main new ideas developed in order to prove Theorem 3.3.

2. DEFINITIONS AND ASSUMPTIONS
A GARCH(1, 1) sequence {yx, —00 < k < oo} satisfies the equations

Yk = Ok€k 2.1)
and
of =o+ayt_ |+ poi,. (2.2)
We assume that
w>0, >0, and B >0, (2.3)

where 0 = (w, «, B) is the parameter of the GARCH(1, 1) process. We also assume that
{e;, —o0 < i < oo} are independent identically distributed random variables. 2.4)
Nelson [22] proved that (2.1) and (2.2) have a unique stationary solution if and only if
Elog(B + agl) < 0. (2.5)

Throughout this paper, we assume that (2.1)—(2.5) hold, since these are a minimal set of conditions for the
existence of a GARCH(1, 1) sequence.

Since the parameter 6 is unknown, it must be estimated from the observations yi, y»,...,y,. Lee and
Hansen [14] and Lumsdaine [18] studied the asymptotic properties of the quasi-maximum likelihood estimator
of 6. Berkes et al. [5] weakened the conditions assumed by Lee and Hansen [14] and Lumsdaine [18] and proved
the almost sure consistency and asymptotic normality of the quasi-maximum likelihood estimator in more general
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GARCH(p, g) models. The efficiency of the quasi-maximum likelihood estimator is discussed in Berkes and
Horvith [2]. Their conditions are very weak, so we follow their approach.
The logarithm of the quasi-likelihood function of the sample yi, yy, ..., y, is given by

. U, %
Liw= ) — {logwk(u)+ }

l1<k<n Wk (ll)

where

~ X i—1.2
wry(u) = —— + E 1 ., ou=(x,s,1).
< 1—1 1<i<k—1 e ( :

The quasi-maximum likelihood estimator is defined as

0, = arg max in (u),
uelU

where U is given by
U={u=(x,s,1): 1t < poand u; <min(x, s, ) < max(x, s, 1) < up}

with some 0 < u; < up and 0 < pg < 1.
If the innovations ¢y, ..., §, were observable, the estimator for the autocovariances would be

1
k)=~ 3 (e = Dl — ),

k<i<n

assuming that Esi2 =1.

Since 8%, ..., &2 are not observable, we replace them with the squared residuals

A2 2~ (T .
8,-=y,-/w,-(0,,), 1 <i<n,
and we use

1
Palk) =~ 3 (E = DE,— .

k<i<n

Next we state a set of conditions which is shown in Berkes et al. [5] to be sufficient for the asymptotic normality
of n'/2(6, — ):

8% is a nondegenerate random variable, (2.6)
0 is in the interior of U, 2.7)
lin(l)t_“P{sé <t}=0 with some > 0, (2.8)
11—
Eg) =1, (2.9)
and
E|ej**® < oo with some § > 0. (2.10)

As mentioned in Introduction, Li and Mak [15] and Ling and Li [16] developed portmanteau tests based on
the autocorrelations of the squared residuals. These authors assumed the conditional normality and finite fourth
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moments of the observations yi, y», ..., ¥,. As argued by Lee and Hansen [14] (cf. also Guillaume et al. [11] for
an empirical study), these assumptions need not necessarily be satisfied by models and time series encountered
in applications. We allow the observations to have essentially arbitrarily heavy tails. The asymptotic normality
of n'2(7,(iy), ..., Fa(ix)), 1 <i; < ... < ik, under conditions (2.6)—(2.10) is a special case of Theorem 2.2
of Berkes et al. [3] (cf. Theorem 3.1 below). To state their result, which is used to derive a x? test, we need
further notation.

Let
dy = E(g5 — 1),
Ay = cov(£y(8)), (2.11)
and
By = E(£;(9)). (2.12)
where
tow) = —2 [og wowy + 20
u) =——ilo u
0 2 |2 T o)
and
X i
wi(u) = 1—; + s 1<lz<:oot Iy ., —o0o <k < oo

We note that the matrices in (2.11) and (2.12) appeared in the asymptotic covariance matrix of n'/2(8, — 6) (cf.
Berkes et al. [5]) and that they reflect the estimation of 6 in the definition of the squared residuals. Let

¢ =E [(sik - 1)%} . 2.13)

Berkes et al. [3] showed that ¢ is finite. We use u’” to denote the transpose of vectors and matrices.

3. MAIN RESULTS

Let 1l < K <ocoand 1 <i <ip <--- < ig. The asymptotic covariance matrix of n'\2(F, @0, . Faik))
is

Divin,..ix = dg(IK + Cil,iz,m,iKSCT )7

1,00,k

where Ix denotes the K x K identity matrix, C;, j,,.. i, 1S the K x 3 matrix defined as

c
Ciiin.ix = sz ,
Cix
and
S= LB, + LB, AoB;’
42 0 a4 0 0

Theorems 3.1 and 3.2 were obtained by Berkes et al. [3].
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THEOREM 3.1. If (2.6)—(2.10) hold, then

A . A . D
n'2(Fa(ir), -y Falin)) —> NO, Dy, 4, i),

where N(0,D;, i, i) stands for a K-variate normal random variable with mean 0 and covariance matrix
D

i1,02,..0K "

THEOREM 3.2. If (2.6)—(2.10) hold, then

D;, i,....ix IS a positive definite matrix,

D;' = dy {Ix — Ciip,...i I3 + S2CT Ciyiy...ix SV 7'SY2CT } (3.14)

i1,02,000K i1,02,.0K

and

A . A s — A s A s D

nE (D) - FaGOID] Y Falin), o Fa(i)T — X (KD, (3.15)
where x>(K) denotes a chi-square random variable with K degrees of freedom.

~1

Theorem 3.2 provides a very simple way to compute D; © . .

the inverse of a 3 x 3 matrix.

The focus of this paper is on weighted statistics in which the number of lags, m(n), at which the sample
autocorrelations of the squared residuals are computed, is allowed to increase to infinity with the sample size n.
We assume that

Note that, in (3.14), we need to compute

1<mm)<n and m(n) - oo. (3.16)
The weights A1, Ay, ... are nonnegative and satisfy the condition
> M < oo (3.17)
1<k<o0

We use the notation Iy, for Dy, and {y,, (i, j): 1 < i, j < m} will denote the elements of F,;l. In Lemmas
4.7 and 4.8, we discuss the existence and some properties of I'>!. We consider the asymptotic behavior of

On=n Y 2 R ymli, HNFa()). (3.18)

1<i, j<m

THEOREM 3.3. If (2.6)—(2.10), (3.16), and (3.17) hold, then

0, = 0. (3.19)

where Q = 3 i AiN? and Ny, Ny, ... are independent, identically distributed standard normal random
variables.

Horvéth and Kokoszka [12] found some special cases where the formulas for the distribution function of Q
are known.

Example 2.1. Let A; =1/ (7?j?). Then Q equals in distribution to the square-integral of a Brownian bridge
on [0, 1]. So a formula for the distribution function of Q can be found in Smirnov [27] and Anderson and
Darling [1]. A table is provided by Shorack and Wellner [26, p. 147].

Example 2.2. If Xpj_1 = Ay; = 1/(47?j?), then Q is just the weak limit of the Watson [29] statistic.

Example 2.3. If A; =1/ (m2(j — 1/2)?), then Q equals in distribution to the square-integral of a Brownian
motion on [0, 1]. Formulas for the distribution function of Q are given in Cameron and Martin [8] and Rothman
and Woodroofe [24]. Csorg6é and Horvath [9] provide a table for the distribution function of Q.
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4. PROOF OF THEOREM 3.3

The proof of Theorem 3.3 is constructed from a number of technical lemmas. Lemma 4.1 is well known
and is stated here for easy reference. Lemmas 4.2 and 4.3 are borrowed from the earlier work of the authors
and are also stated here, as they are extensively used in the proofs of the other lemmas. Lemma 4.4, which
is the most technical result of the paper, establishes an upper bound on the rate of decay of the vectors c
defined in (2.13) as k — oo. A result of this type is needed in the present context, since, unlike Berkes et
al. [3], we are now dealing with infinitely many lags for the sample autocorrelations. After stating Lemma
4.5, which is borrowed from Berkes et al. [3], and providing a technical bound in Lemma 4.6, we establish in
Lemmas 4.7 and 4.8, respectively, the nonsingularity of the matrix I, appearing in (3.18) and the existance and
nonsingularity of appropriate limit matrices which are needed to establish the convergence of the statistic Q,,.
Lemma 4.8, in particular, relies on new arguments, which were not needed in Berkes et al. [3], where only a
fixed number of lags was considered. The proof of Theorem 3.3 then follows from Lemmas 4.4-4.8 and fairly
standard arguments.

Let

£ =B +as?, —oo<i<oo.
LEMMA 4.1 (Nelson [22]). If E|logé&y| < oo and Elogé&y < 0, then

a,f:w{lJr > T] Sk_,-}.

1<l<00 1<i<E

LEMMA 4.2 (Berkes et al. [5]). IfElsé|“ < o0 with some k > 0, then there is k* > 0 such that

E|y§|’(* < oo and E|002|K* < 0.

Let || - || denote the maximum norm of vectors and matrices.

LEMMA 4.3. If (2.6)—(2.10) hold, then, for any v > 0,

FRi—2.2 v

. i .

E Zl<z<oo ,3 -yl_lz < (41)
1 Zl<i<ooﬂl_ Yi

and

E (sup w) < 0. 4.2)

wey wo(w)

Moreover, for any —oo < v* < oo, there is v > 0 such that

*

E( sup w°(0)> < o0, (4.3)

uet(y) Wo(w)
where U(y) ={ue U: |0 —u| <y}
Proof. Relations (4.1) and (4.2) are proved by Berkes ef al. [5], while (4.3) by Berkes and Horvath [2].

LEMMA 4.4. If (2.6)—(2.10) hold, then, for any v > 0, |ck|| = Ok™") as k — oc.
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Proof. Using the notation co(u) = x/(1 —¢) and ¢;(n) = st'~!, 1 <i < 00, u = (x, s, 1), we can write

wy(0) 00 + X 1ciooo C;(G)yzi
wo(8)  o(0) + Y <jono i (O)Y2;

For any k > 0, we define
2 if i >k
v, if i >k,
=2 2 2 e
Yok =y 0 fi=k
6Ei kszi if 1 <i <k,
where

63,-,;( =w(l4+& ;1 +E b+ F+E b bk

+é i 1bia b1 X p)

and

Xx=1+86 41 +Eh—1bk2+--.

This means that 631.7 , is defined as 02, in Lemma 4.1 but with &_ replaced by 1. Let

. C/O(e) + Zl<i<oo C;(e)yzi,k
C0(0) + Zl<i<oo Ci (e)yzi,k.

Since ¢¢(@) > 0 and

llc; @)

e (0) =0@{) asi—> o© “4.4)

(cf. Lemma 3.2 by Berkes et al. [5]), we get that

i<ooici(0)yzi
||Gk||<c1( b LI | (4.5)

1 + Zl<i<oo Ci(a))_)ii,k

with some constant C;. Moreover,

Zl§i<oo iCi(e))_’Ei,k < Zl<i<oo, ik ici (e)ﬁi,k
1+ Zl<i<oo Ci (e)yzi,k 1+ Zl§i<oo, ik Ci(e))_)zi,k

(4.6)

For any M > 1, we have

~

Zl<i<oo,i7ékici(0)yzi,k <M+ Z
=)
1+ Zlgi<oo, ik Ci(O)YZ; M<i<oo, ik

ici(0)52, ;-
Clearly, £_; > B and B < 1 by (2.7), hence, y%i,k < y?,/Bif 1 <i <k, resulting in

¥ ici(e)yi,-,k<% 3 i)
M

M<i<oo, i#k <i<oo
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By Lemma 3.1 of Berkes et al. [3] there are C; and 0 < ¥ < 1 such that
ici(0) < Co' forall 1 <i < oo.

Let & > 1 be such that 9 < 1. By Lemma 4.2 and the Markov inequality we have

. 5\
P{ > ﬁ’yii>z}< > P{yii>tﬂ_’ﬂ_’(ﬁ) }

M<i<oo M<i<oo
5o\
< P 2-K*>tk*l9_i}{*1.—9_ik* _
> rom (=)
M<i<oo
E(GD* 5 N e
) < )t‘K @ D)1
1—@@9) \o—1

Choosing M =t /2, it follows that, for any v > 0, there is a constant C3 = C3(v) such that

{ Zl<i<oo, i#k ici(e))_)z_i,k - t} < Cyt™"
1+ i cicoo, ik Ci (e)yzi,k
for all + > 2. Hence, using (4.5)-(4.7), we get that

E|Gg||" = O(k™) for any n > 0.
Thus, by (2.9) and the independence of E%k and G; we have

E(*, — )Gy = 0.

Next we write

w(0)
HGk_ 0 <NGrll + G2l 1G],
wo(0)
where
G Zlgigk c(O)(y2; - )_)Ei,k)
k1=
: wo(6)
and
Zlgigk Ci(9)(y3,- - i%,-,k)
G =

wo(0)

Let 0 < p < 1 be any number satisfying E log&p < log p < 0, and let F; be the event that

k)2
max _ < .
0<i<k/2 1_[ S-S P

i+1<j<k—1

We show that
P{F} > 1—C4k™"

4.7

(4.8)

4.9)

(4.10)
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for all v > 0 with some C4; = C4(v). Since E|log&)|* < oo for all ¢ > 0, by the Rosenthal inequality (cf.
Petrov [23, p. 59]) we have that

2

E| ) (ogé;—Elogé)| <Csk—i) if¢>1.

i+1<j<h—1

Thus, by the Markov inequality we get

P{ max _i > k/2
{ogigk/z 1_[ §-jzp

i+1<j<k—1

0<i<k/2
= /i+1<j<1<—1

k
<P{ max Z (logf—j—ElogSo)>Z(logp—ElogEo)}

k
S Z P{ Z (IOgg—j—E10g50)>Z(logp—Elogg‘O)}

0<i<k/2 i+1<j<k—1

<Co o Kk =) < Ch™C7D,
0<i<k/2

as claimed. As noted above, ﬁi’ P < y%i /B if 1 <i < k and, therefore,

> OG-0

1<i<k

< Y O, + k@) o2 (62 + €% 1)

1<i<oo

4.11)
1
+= Y GOy,

B 1<igk—1
Here, in the second term, we have afksi P = yzk, and this term can be incorporated into the third one when we
sum up to k. Clearly, wo(6) > Ck—1(9)y3k+1, y%k_H = OEkHEEkH = (v + ozy%k + ﬁazk)83k+l P ,303;(83;{“,
and, therefore,
i@ lo2e2eyy _ 1 ci(O)]
< .
wo(0) B cr-1(0)

Since ¢, (0) = af*~!, we have
ck(0)
ck-1(0)

=0(),

and, thus, by (4.4)

||C;/{(0)||03k83k+1
wo(0)

= O(k). 4.12)

Let I{-} denote the indicator function, and let F be the complement of Fj. By (4.4), the first relation in Lemma
4.3, and (4.10)—(4.12) we have that, for all v > 1,

172

E(IGi1 IPT{F) < (EUIG1 1) (P(F) ' = 0k™). (4.13)



10 1. Berkes, L. Horvdth, and P. Kokoszka

Next we note that
2 ~2
02 =2 = by b (= E-) Xy

—1/2

and, thus, forany 1 <y < p , using (4.4) and Lemma 3.1 of Berkes et al. [3], we have

[ i<k GO =720 [

0o(0) I{Fy}
I icichpp i O[T 1<k &)l =) X k2, |
= I{Fy}
wo(6)
_ 1 X cicip i O Tisicjcrr -j)o =&)X e ||
- wo(6)

(4.14)
x I{F {1 — & | X < ¥

" H Zlgigk/Zcz{(e)(Ht+l<j<k 1 E-j)ol =X k€2 H
wo(0)

x H{FJ1 — &4 Xy > y*)

< Crpk?yk Z iB' e, + CskI{|l — &|X_ > v}
1<i<k/2

with some constants C; and Cg, where the second term is obtained by noting that

|| Zlgigk/z 05(9)(1—L+1<,<k = )“)(1 — )X e, ”

wo(0)
< H Zl<i<k/2cz/'(9)(nz+1<1<k - X ket
b wo(6)
| Xicicin O ([ Tiiejchr =) b1 X i, |
+
wo(0)

< Cgk,

which, in turn, easily follows from

afi>a)( 1_[ E_j)f—kX—k,

1< <h—1

afi>wﬁ< I1 §—j>X—k7

i+1<j<h—1

and the fact that
> N @Iy2, <Co Y ici(@)y?; < Cokwo(8).

1<i<k/2 1<i<k/2
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By the Minkowski inequality and (2.10) we have that
248
E( > iﬁ"e%i> =0(1).
1<i<k/2

Since afk = wX_y, (1.10) and Lemma 4.2 imply the existence of ¢ > 0 such that E|X_;|° < oo and
E|X _1&_«|® < oo and, consequently,

EI{1 —£4|X_4 > y*} =0(c™*) with some § > 0.

Thus, we showed that

' OV (V. — T2 246
E( “ Zlglgk/z C:U(O()H(;]_l y_l’k) H I{Fk}) = O(k_V) (415)

for all v > 0.
Let n > 0. From (4.4) it follows that ||c;(8)] < Cio(1 + n)ic;(0) for all i > 1 and, thus,

Y. GOy

k/2<i<k

<Cuo Y a@®d+n'y?
k/2<i<k

<Co(l+m7 2 3" A+ ¥ @)y, (4.16)

k/2<i<k

<Co+m™2 Y A+ n¥a@)y?;.

1<i<oo
Since y?,, < y2,/B, from (4.16) we get that
- CIO — i
Yo @] < =AY A+ ¥y 4.17)
k/2<i<k 'B 1<i<oo

Minor modifications of the proof of Lemma 5.2 of Berkes et al. [5] yield

E (Zlgi<oo(1 + n)z"c,-(e)yi,-)S -~ 4.18)
wo(6)
if n > 0 is small enough. Putting together (4.13)—(4.18), we conclude that
E||Gi 1| =0k™) forall v > 0. (4.19)
Similarly to (4.19), one can show that
E|Ga*" =0@k™) forall v > 0. (4.20)

Lemma 4.4 now follows from (4.8), (4.9), and (4.13)—(4.20).

Let
. yl'z yl'z—k
aww =) (u»(u) _1> oW

k<i<n
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and

3 y? ik
W= ) (wi(u)_l) T )

k<i<n

For any L > 0, we define
UsL)={ueU: |6 —u|| < Ln"'/?}.
The following result is a special case of Lemma 5.1 of Berkes et al. [3].
LEMMA 4.5. If (2.6)—(2.10) hold, then, for any 0 < L < oo,

172

sup  sup |ax(w) —ar(w)| =o(n’°) a.s.

0<k<nuelU, (L)

LEMMA 4.6. If (2.6)—(2.10) hold, then, for any 0 < L < oo,

2
E( sup Iak(U)I) <Cyn
ueUy,(L)

with some constant Cy; for all 1 < k < oo.

Proof. Elementary algebra gives

2
a) = Y (=D, —D+ Y eiz(wf’éu) — 1) (€2, -1

k<i<n k<i<n

k<i<n k<i<n

= A1+ Ar2(w) + Agz() + A 4().
Since the terms of the sum defining Ay ; are orthogonal, we have
Az = (n —kydy.

Moreover,

E sup Aj,(w<E Z 8,-28]2|8l~2_k - 1||8j2_k — 1

ueln(L) k<i,j<n
2 o2
X sup sup .l
uel,(L) | Wi (w uet, (L) | wj (W)
Since 002 = wy(0), the mean-value theorem yields

o5 L llwo(@)]| wo(V)
sup - X 1—/2 >

ueU, (L) | wo(w) n'’z yev wo(W) yvev,r) wo(w)

o2,
2 2 ' 2
+ Z (& — l)si_k< o k(u) ) + Z (wl(u) 1) & 4 (

2
Ok

Wi—k (ll)

)
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and, therefore, Lemma 4.3 implies

E|n'? sup
ueU, (L)

with some Cy,(v, L). Also using (2.4), (2.10) and Holder’s inequality, it is easily seen that, for any k < i, j < n,
we have

o2

%
—1‘ <Cyp foralv=>0
wo(w)

I+n

E(efef|el o — U, —1]) 7" < Cia

for some constants n > 0 and C;3 > 0. Hence, the above estimates and another application of Holder’s inequality
imply that

E sup A7,(u) < Cun.
ueln(L)

Similar arguments give

E sup Als(m)+E sup A7, (u) < Cisn,
wel, (L) wel, (L)

completing the proof of Lemma 4.6.

LEMMA 4.7. If (2.6)—(2.10) hold, then

1
T, =dg <Im - ZCI,Z,...,mA(;IC{’z’_“’m> 4.21)
and

_ 1 1 !
F;l = dO 4 (Im + ZC1,2,...,m (Ao - _ClTyzymeI,Z,...,m> CITZm) : (422)

2
By = —d—ng
and, therefore,
|
S - —ZAO ,

completing the proof of (4.21). Now Theorem A.5.1 of Muirhead [21] yields (4.22).

LEMMA 4.8. If (2.6)—(2.10) hold, then

lim CI, ,Cis n=C exists (4.23)

m—0Q0
and

1~
Ag — ZC is nonsingular. (4.24)
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Proof. Lemma 4.4 yields that C exists. By Berkes et al. [5] we have that

_Lap[ (@) wi®
Ao=ght |:<w0(0)> wo(G)} ‘

It is easy to see that

wy(6) 1 w(0) i ) B _l~
E[(d T dOIZ (1—e2 k)ck) (dowo(e) —dOIZ a s_k)ck)i| _4(AO 4(:).

<k<oo <k<oo

Let wy(0) = (w(;, wy,, wyz) and ¢ = (ck1, k2, ck3). The matrix in (4.24) is singular if and only if there is
(71, T, 73) # 0 such that

Tiwhy + wh, + 3wy — Y (1= &2 )ciwo(8) =0, (4.25)

1<k<o0

where ¢ = (T1cx1 + T2ck2 + T3¢k3) /dg. We next note that

wo(8) = ——I—a > BT
1<k<o0
and
1 _
Wy = 1-38 Wy = Z B* lyik’
1<k<o0
— w + Z (k 1)[3/{—2 2
03 (1— )2 Y_k
2<k<o0

So, using the equations above, we get that

Y tme Y (k=D 41

1<k<o0 2<k<o0

(St £ (e £ o) o

1<l<oo 1<l<oo 1<k<o0

1 w
T8 (1 - p)
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Separating those terms which depend only on 831, we arrive at

et acta?, + &% 1(01( _’8+a Z gt 2>+r201

2<k<o0

- ( Z cZ‘)aoEl + ( Z cje%ea)crz])
1<l<o0o 2<l<o0
+ > (rzﬂ+f3a(k—1)—wﬁ >, c}‘f)ﬂ"—zyﬁk

2<k<o0 1<l<oo
+ E czsz( +a E ,3]‘12)=r*
2<l<o0 2<k<o0

with some constant t*. The last equality is a linear or quadratic equation for &2, with coefficients measurable
with respect to the o-algebra F_, = o{e;, i < —2}. Clearly, the coefficients of 8f1 and 831 must be both
0, since, otherwise, the solution of the equation, i.e., &2, would also be measurable with respect to F_, an

impossibility. Noting that ¢ ~, = o > 0, we obtain that ¢} = 0 and
T — ( d e ) ( > e @>a =0. (4.26)
1<l<o0 2<l<o0

Since o > 0 and ¢;, —00 < i < o0, are independent, (4.26) can hold only if ¢ = O for all £ > 2. Hence, if
(4.25) holds, then ¢j =0 for all 1 < £ < oo and, therefore, (4.25) becomes

w N w) N w} 0
7] 2 3 =0,
wo1 (0) w2 (0) wo3(0)

contradicting that Ay is nonsingular.

Proof of Theorem 3.3. By the Cholesky decomposition (cf. Seber [25, p. 388]) and Theorem 3.1 we have

/24 . .o 1/24 o D
no Y W ROyl DARG) = Y KN 4.27)
ISt jsK I<i<K
for all 1 < K < oo, where Ny, N,, ... are independent standard normal random variables.

Berkes et al. [5] proved that
|62 — 6] = 0p(n™'72),

and, therefore, it suffices to show that, for any 0 < L < oo and x > 0,

Z Z w2 )y G, DA V2, (u)

K=oo n—oo ueln(L) K<i<m 1<j<m

lim limsup P{ sup n > x} 0 (4.28)

and

S Y A a @yt Hr @

I<i<m K<j<m

lim lim supP{ sup n

K—00 n—oo uel, (L)
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Due to symmetry, we need to establish only (4.28).
We recall that I'), ! satisfies (3.14). Let

1 - o
Ciz..m (Ao - chTyzymeI,Z,...,m> ClTyzmm ={y;, 1<i,j<m}

From Lemmas 4.7 and 4.8 it follows that there is a constant Cj¢ such that |yl.’f‘j| < Crg/(ij)> forall 1 <i,j<m
and 1 < m < oco. Hence, by Lemmas 4.5 and 4.4, for any A > 0, there is a random variable n such that

1/2 ~ L 1/2~ 12 C e 1/2~
sup Y Kla@ynGopra = Y 3 K awya G, )i %aw
weln(L) | g ci<m 1< <m K<i<m 1<j<m
11
2,1/2
<al 3w osw la@l+ Y Y A5 ( s la@l+ sup jaw)
K<i<m Y€Un(L) K<i<m 1< j<m 17 J7 NueU,(L) ueU, (L)

if n > ng. Using condition (3.17) and Lemma 4.6, we get

11
1/241/2

> aosw fa@]+ Y A5 sup @I+ sup ja@)) = 0p(D).
1<i<m uel,(L) 1<i,j<m 1= J7 NueU, (L) uel, (L)

Thus, the proof of (4.28) will be complete if we prove that

Z Z )‘il/zai Wy, (i, j))\-;/zaj (w)

K=oc0 n—oo weln(L) |k <i<m 1<j<m

lim limsup P{ sup n

> x}: 0. (4.29)

The result in (4.29) is an immediate consequence of (3.17) and Lemmas 4.4-4.6.
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