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Department of Mathematics, University of Utah, 155 South 1440 East, Salt Lake City, UT 84112-0090, USA

(e-mail: horvath@math.utah.edu)

P. Kokoszka
Department of Mathematics and Statistics, Utah State University, 3900 Old Main Hill, Logan, UT 84322-3900, USA

(e-mail: piotr@math.usu.edu)

Abstract. Suppose that r̂n(j) is the lag-j autocorrelation of the squared residuals computed from a realization of length
n under the assumption that the observations follow a GARCH(1, 1) model. We study the asymptotic distribution of the
statistics of the form Qn = n

∑
1�i�j�m(n) λ

1/2
i

r̂n(i)γm(i, j)λ
1/2
j

r̂n(j), where the λj are nonnegative summable weights
and the matrix γm(i, j), 1 � i, j � m, can be estimated from the data. We show that, under weak assumptions on model
errors, the statistic Qn converges in distribution to Q = ∑

1�i<∞ λiN
2
i

, where the Ni are iid standard normal. We discuss
choices of the weights λj for which the distribution of Q is tabulated. Our results lead to and provide a rigorous justification
for Portmanteau goodness-of-fit tests for GARCH(1, 1) specification.

Keywords: GARCH(1, 1) sequence, quasi-maximum likelihood estimator, squared residuals, asymptotic normality, χ2-tests.

1. INTRODUCTION

This paper is concerned with developing the asymptotic theory for goodness-of-fit tests based on weighted
sums of autocorrelations of squared GARCH(1, 1) residuals. It extends our research presented in Horváth and
Kokoszka [12] and Berkes et al. [3] in several directions. In Horváth and Kokoszka [12], we considered the
original ARCH(p) model of Engle [10] and assumed that the model errors have finite fourth moments. In Berkes
et al. [3], we considered the more general GARCH(p, q) model of Bollerslev [6] and imposed much weaker
assumptions on model errors, but focused only on a standard sum of squares statistic. The reason for considering
a narrower class of statistics in the GARCH(p, q) case was that the GARCH specification is mathematically
more difficult to deal with in many respects relevant to the problems considered here. The present paper shows
how these problems can be addressed in the setting of the popular GARCH(1, 1) model. It can be expected that
our theory can be extended to the general GARCH(p, q) specification but such an extension would potentially be
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very technical and is not undertaken here. We would like to point out that the GARCH(1, 1) model often exhibits
features qualitatively different from those of the ARCH(p) model, and many authors focused on GARCH(1, 1)

to develop new insights (see, e.g., Nelson [22], Lumsdaine [18], Teräsvirta [28], Maercker and Moser [19],
Mikosch and Stărică [20], Ling and Li [17], and Berkes et al. [4], among others). The GARCH(1, 1) model is
often sufficient to capture the main features of the volatility process and for its prediction (see, e.g., Chapter 15
of Hull [13] and Chapter 7 of Zivot and Wang [30]).

We now briefly explain the main idea of the present paper. For linear time series models, including the
popular ARMA models, the usual practice to assess the goodness-of-fit of a model is to examine the plot of
the autocorrelations of the residuals and check whether it looks approximately like a plot of the autocorrelations
of a white noise sequence. In addition, several formal statistical tests are applied. The most popular of these,
the Ljung–Box and McLeod–Li tests, are based on sums of autocorrelations of, respectively, residuals and
squared residuals and have the asymptotic χ2 distribution (see, e.g., Brockwell and Davis [7] for the details).
Suppose now that r̂n(k) is the lag-k autocorrelation of the squared residuals of a GARCH(1, 1) sequence (precise
definitions are given in Section 2). According to Theorem 3.1, the statistic

∑K
k=1 r̂2

n(k) does not converge to a
χ2 distribution. In order to obtain an asymptotic χ2 distribution, one has to construct a quadratic form as in
relation (3.15) in Theorem 3.2. Results of this type have been known some time. Using heuristic derivations, Li
and Mak [15] obtained such results under the assumption of normal errors. In this paper, we provide rigorous
mathematical arguments valid under very weak conditions on the errors which are not even assumed to have a
density (see conditions (2.6)–(2.10)). The χ2-statistic in (3.15) is based on K lags, where K is a fixed constant.
All lags contribute essentially the same amount to the value of the test statistic. However, we may not wish to
specify an a priori upper limit on the number of the lags and may want to give different weights to different
lags. We show in Theorem 3.3 that this is possible for the GARCH(1, 1) model.

The paper is organized as follows. In Section 2, we collect the necessary definitions and state the assumptions.
In Section 3, we recall the relevant results of our previous work and state the main result of the paper in Theorem
3.3, which is followed by a number of examples. Section 4 contains the proof of Theorem 3.3. At the beginning
of that section, we outline the main new ideas developed in order to prove Theorem 3.3.

2. DEFINITIONS AND ASSUMPTIONS

A GARCH(1, 1) sequence {yk, −∞ < k < ∞} satisfies the equations

yk = σkεk (2.1)

and

σ 2
k = ω + αy2

k−1 + βσ 2
k−1. (2.2)

We assume that

ω > 0, α � 0, and β � 0, (2.3)

where θ = (ω, α, β) is the parameter of the GARCH(1, 1) process. We also assume that

{εi, −∞ < i < ∞} are independent identically distributed random variables. (2.4)

Nelson [22] proved that (2.1) and (2.2) have a unique stationary solution if and only if

E log(β + αε2
0) < 0. (2.5)

Throughout this paper, we assume that (2.1)–(2.5) hold, since these are a minimal set of conditions for the
existence of a GARCH(1, 1) sequence.

Since the parameter θ is unknown, it must be estimated from the observations y1, y2, . . . , yn. Lee and
Hansen [14] and Lumsdaine [18] studied the asymptotic properties of the quasi-maximum likelihood estimator
of θ. Berkes et al. [5] weakened the conditions assumed by Lee and Hansen [14] and Lumsdaine [18] and proved
the almost sure consistency and asymptotic normality of the quasi-maximum likelihood estimator in more general
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GARCH(p, q) models. The efficiency of the quasi-maximum likelihood estimator is discussed in Berkes and
Horváth [2]. Their conditions are very weak, so we follow their approach.

The logarithm of the quasi-likelihood function of the sample y1, y2, . . . , yn is given by

L̃n(u) =
∑

1<k�n

−1

2

{
log w̃k(u) + y2

k

w̃k(u)

}
,

where

w̃k(u) = x

1 − t
+ s

∑
1�i�k−1

t i−1y2
k−i, u = (x, s, t).

The quasi-maximum likelihood estimator is defined as

θ̃n = arg max
u∈U

L̃n(u),

where U is given by

U = {
u = (x, s, t): t � ρ0 and u1 � min(x, s, t) � max(x, s, t) � u2

}
with some 0 < u1 < u2 and 0 < ρ0 < 1.

If the innovations ε1, . . . , εn were observable, the estimator for the autocovariances would be

rn(k) = 1

n

∑
k<i�n

(ε2
i − 1)(ε2

i−k − 1),

assuming that Eε2
i = 1.

Since ε2
1, . . . , ε2

n are not observable, we replace them with the squared residuals

ε̂2
i = y2

i /w̃i

(
θ̃n

)
, 1 � i � n,

and we use

r̂n(k) = 1

n

∑
k<i�n

(ε̂2
i − 1)(ε̂2

i−k − 1).

Next we state a set of conditions which is shown in Berkes et al. [5] to be sufficient for the asymptotic normality
of n1/2(θ̃n − θ):

ε2
0 is a nondegenerate random variable, (2.6)

θ is in the interior of U, (2.7)

lim
t→0

t−µP {ε2
0 � t} = 0 with some µ > 0, (2.8)

Eε2
0 = 1, (2.9)

and

E|ε2
0|2+δ < ∞ with some δ > 0. (2.10)

As mentioned in Introduction, Li and Mak [15] and Ling and Li [16] developed portmanteau tests based on
the autocorrelations of the squared residuals. These authors assumed the conditional normality and finite fourth
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moments of the observations y1, y2, . . . , yn. As argued by Lee and Hansen [14] (cf. also Guillaume et al. [11] for
an empirical study), these assumptions need not necessarily be satisfied by models and time series encountered
in applications. We allow the observations to have essentially arbitrarily heavy tails. The asymptotic normality
of n1/2(r̂n(i1), . . . , r̂n(iK)), 1 � i1 < . . . < iK, under conditions (2.6)–(2.10) is a special case of Theorem 2.2
of Berkes et al. [3] (cf. Theorem 3.1 below). To state their result, which is used to derive a χ2 test, we need
further notation.

Let

d2
0 = E(ε2

0 − 1)2,

A0 = cov(�′
0(θ)), (2.11)

and

B0 = E(�′′
0(θ)), (2.12)

where

�0(u) = −1

2

{
log w0(u) + y2

0

w0(u)

}
and

wk(u) = x

1 − t
+ s

∑
1�i<∞

t i−1y2
k−i , −∞ < k < ∞.

We note that the matrices in (2.11) and (2.12) appeared in the asymptotic covariance matrix of n1/2(θ̃n − θ) (cf.
Berkes et al. [5]) and that they reflect the estimation of θ in the definition of the squared residuals. Let

ck = E

[
(ε2

−k − 1)
w′

0(θ)

w0(θ)

]
. (2.13)

Berkes et al. [3] showed that ck is finite. We use uT to denote the transpose of vectors and matrices.

3. MAIN RESULTS

Let 1 � K < ∞ and 1 � i1 < i2 < · · · < iK . The asymptotic covariance matrix of n1/2(r̂n(i1), . . . , r̂n(iK))

is

Di1,i2,...,iK = d4
0

(
IK + Ci1,i2,...,iK SCT

i1,i2,...,iK

)
,

where IK denotes the K × K identity matrix, Ci1,i2,...,iK is the K × 3 matrix defined as

Ci1,i2,...,iK =


ci1

ci2
...

ciK

 ,

and

S = 1

d2
0

B−1
0 + 1

d4
0

B−1
0 A0B−1

0 .

Theorems 3.1 and 3.2 were obtained by Berkes et al. [3].
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THEOREM 3.1. If (2.6)–(2.10) hold, then

n1/2(r̂n(i1), . . . , r̂n(iK))
D−→ N(0, Di1,i2,...,iK ),

where N(0, Di1,i2,...,iK ) stands for a K-variate normal random variable with mean 0 and covariance matrix
Di1,i2,...,iK .

THEOREM 3.2. If (2.6)–(2.10) hold, then

Di1,i2,...,iK is a positive definite matrix,

D−1
i1,i2,...,iK

= d−4
0

{
IK − Ci1,i2,...,iK (I3 + S1/2CT

i1,i2,...,iK
Ci1,i2,...,iK S1/2)−1S1/2CT

i1,i2,...,iK

}
(3.14)

and

n(r̂n(i1), . . . , r̂n(iK))D−1
i1,i2,...,iK

(r̂n(i1), . . . , r̂n(iK))T
D−→ χ2(K), (3.15)

where χ2(K) denotes a chi-square random variable with K degrees of freedom.

Theorem 3.2 provides a very simple way to compute D−1
i1,i2,...,iK

. Note that, in (3.14), we need to compute
the inverse of a 3 × 3 matrix.

The focus of this paper is on weighted statistics in which the number of lags, m(n), at which the sample
autocorrelations of the squared residuals are computed, is allowed to increase to infinity with the sample size n.
We assume that

1 � m(n) � n and m(n) → ∞. (3.16)

The weights λ1, λ2, . . . are nonnegative and satisfy the condition∑
1�k<∞

λk < ∞. (3.17)

We use the notation �m for D1,2,...,m, and {γm(i, j): 1 � i, j � m} will denote the elements of �−1
m . In Lemmas

4.7 and 4.8, we discuss the existence and some properties of �−1
m . We consider the asymptotic behavior of

Qn = n
∑

1�i,j�m

λ
1/2
i r̂n(i)γm(i, j)λ

1/2
j r̂n(j). (3.18)

THEOREM 3.3. If (2.6)–(2.10), (3.16), and (3.17) hold, then

Qn
D−→ Q, (3.19)

where Q = ∑
1�i<∞ λiN

2
i and N1, N2, . . . are independent, identically distributed standard normal random

variables.

Horváth and Kokoszka [12] found some special cases where the formulas for the distribution function of Q

are known.

Example 2.1. Let λj = 1/(π2j2). Then Q equals in distribution to the square-integral of a Brownian bridge
on [0, 1]. So a formula for the distribution function of Q can be found in Smirnov [27] and Anderson and
Darling [1]. A table is provided by Shorack and Wellner [26, p. 147].

Example 2.2. If λ2j−1 = λ2j = 1/(4π2j2), then Q is just the weak limit of the Watson [29] statistic.

Example 2.3. If λj = 1/(π2(j − 1/2)2), then Q equals in distribution to the square-integral of a Brownian
motion on [0, 1]. Formulas for the distribution function of Q are given in Cameron and Martin [8] and Rothman
and Woodroofe [24]. Csörgő and Horváth [9] provide a table for the distribution function of Q.
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4. PROOF OF THEOREM 3.3

The proof of Theorem 3.3 is constructed from a number of technical lemmas. Lemma 4.1 is well known
and is stated here for easy reference. Lemmas 4.2 and 4.3 are borrowed from the earlier work of the authors
and are also stated here, as they are extensively used in the proofs of the other lemmas. Lemma 4.4, which
is the most technical result of the paper, establishes an upper bound on the rate of decay of the vectors ck

defined in (2.13) as k → ∞. A result of this type is needed in the present context, since, unlike Berkes et
al. [3], we are now dealing with infinitely many lags for the sample autocorrelations. After stating Lemma
4.5, which is borrowed from Berkes et al. [3], and providing a technical bound in Lemma 4.6, we establish in
Lemmas 4.7 and 4.8, respectively, the nonsingularity of the matrix �m appearing in (3.18) and the existance and
nonsingularity of appropriate limit matrices which are needed to establish the convergence of the statistic Qn.
Lemma 4.8, in particular, relies on new arguments, which were not needed in Berkes et al. [3], where only a
fixed number of lags was considered. The proof of Theorem 3.3 then follows from Lemmas 4.4–4.8 and fairly
standard arguments.

Let

ξi = β + αε2
i , −∞ < i < ∞.

LEMMA 4.1 (Nelson [22]). If E| log ξ0| < ∞ and E log ξ0 < 0, then

σ 2
k = ω

{
1 +

∑
1��<∞

∏
1�i��

ξk−i

}
.

LEMMA 4.2 (Berkes et al. [5]). If E|ε2
0 |κ < ∞ with some κ > 0, then there is κ∗ > 0 such that

E|y2
0 |κ

∗
< ∞ and E|σ 2

0 |κ∗
< ∞.

Let ‖ · ‖ denote the maximum norm of vectors and matrices.

LEMMA 4.3. If (2.6)–(2.10) hold, then, for any ν > 0,

E

( ∑
1�i<∞ iβi−2y2

−i

1 + ∑
1�i<∞ βi−1y2

−i

)ν

< ∞ (4.1)

and

E

(
sup
u∈U

‖w′
0(u)‖

w0(u)

)ν

< ∞. (4.2)

Moreover, for any −∞ < ν∗ < ∞, there is γ > 0 such that

E

(
sup

u∈U(γ )

w0(θ)

w0(u)

)ν∗

< ∞, (4.3)

where U(γ ) = {u ∈ U : ‖θ − u‖ � γ }.
Proof . Relations (4.1) and (4.2) are proved by Berkes et al. [5], while (4.3) by Berkes and Horváth [2].

LEMMA 4.4. If (2.6)–(2.10) hold, then, for any ν > 0, ‖ck‖ = O(k−ν) as k → ∞.
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Proof . Using the notation c0(u) = x/(1 − t) and ci(u) = st i−1, 1 � i < ∞, u = (x, s, t), we can write

w′
0(θ)

w0(θ)
= c′

0(θ) +∑
1�i<∞ c′

i(θ)y2
−i

c0(θ) +∑
1�i<∞ ci(θ)y2

−i

.

For any k > 0, we define

ȳ2
−i,k =


y2

−i if i > k,

σ 2
−kε

2
−k+1 if i = k,

σ̄ 2
−i,kε

2
−i if 1 � i < k,

where

σ̄ 2
−i,k = ω(1 + ξ−i−1 + ξ−i−1ξ−i−2 + · · · + ξ−i−1ξ−i−2 · · · ξ−k+2

+ ξ−i−1ξ−i−2 · · · ξ−k+1X−k)

and

X−k = 1 + ξ−k−1 + ξ−k−1ξ−k−2 + · · · .

This means that σ̄ 2
−i,k is defined as σ 2

−i in Lemma 4.1 but with ξ−k replaced by 1. Let

Gk = c′
0(θ) +∑

1�i<∞ c′
i(θ)ȳ2

−i,k

c0(θ) +∑
1�i<∞ ci(θ)ȳ2

−i,k

.

Since c0(θ) > 0 and

‖c′
i(θ)‖

ci(θ)
= O(i) as i → ∞ (4.4)

(cf. Lemma 3.2 by Berkes et al. [5]), we get that

‖Gk‖ � C1

( ∑
1�i<∞ ici(θ)ȳ2

−i,k

1 +∑
1�i<∞ ci(θ)ȳ2

−i,k

+ 1

)
(4.5)

with some constant C1. Moreover,∑
1�i<∞ ici(θ)ȳ2

−i,k

1 + ∑
1�i<∞ ci(θ)ȳ2

−i,k

� k +
∑

1�i<∞, i �=k ici(θ)ȳ2
−i,k

1 +∑
1�i<∞, i �=k ci(θ)ȳ2

−i,k

. (4.6)

For any M � 1, we have ∑
1�i<∞, i �=k ici(θ)ȳ2

−i,k

1 +∑
1�i<∞, i �=k ci(θ)ȳ2

−i,k

� M +
∑

M�i<∞, i �=k

ici(θ)ȳ2
−i,k.

Clearly, ξ−k � β and β < 1 by (2.7), hence, ȳ2
−i,k � y2

−i/β if 1 � i < k, resulting in

∑
M�i<∞, i �=k

ici(θ)ȳ2
−i,k � 1

β

∑
M�i<∞

ici(θ)y2
−i.
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By Lemma 3.1 of Berkes et al. [3] there are C2 and 0 < ϑ < 1 such that

ici(θ) � C2ϑ
i for all 1 � i < ∞.

Let ϑ̄ > 1 be such that ϑϑ̄ < 1. By Lemma 4.2 and the Markov inequality we have

P

{ ∑
M�i<∞

ϑiy2
−i � t

}
�

∑
M�i<∞

P

{
y2

−i � tϑ−i ϑ̄−i

(
ϑ̄

ϑ̄ − 1

)−1}

�
∑

M�i<∞
P

{
(y2

−i)
κ∗ � tκ

∗
ϑ−iκ∗

ϑ̄−iκ∗
(

ϑ̄

ϑ̄ − 1

)−κ∗}

�
E(y2

0)
κ∗

1 − (ϑϑ̄)κ
∗

(
ϑ̄

ϑ̄ − 1

)κ∗

t−κ∗
(ϑϑ̄)Mκ∗

.

Choosing M = t/2, it follows that, for any ν > 0, there is a constant C3 = C3(ν) such that

P

{ ∑
1�i<∞, i �=k ici(θ)ȳ2

−i,k

1 +∑
1�i<∞, i �=k ci(θ)ȳ2

−i,k

> t

}
� C3t

−ν (4.7)

for all t � 2. Hence, using (4.5)–(4.7), we get that

E‖Gk‖η = O(kη) for any η > 0. (4.8)

Thus, by (2.9) and the independence of ε2
−k and Gk we have

E(ε2
−k − 1)Gk = O. (4.9)

Next we write ∥∥∥∥Gk − w′
0(θ)

w0(θ)

∥∥∥∥ � ‖Gk,1‖ + |Gk,2| ‖Gk‖,

where

Gk,1 =
∑

1�i�k c′
i(θ)(y2

−i − ȳ2
−i,k)

w0(θ)

and

Gk,2 =
∑

1�i�k ci(θ)(y2
−i − ȳ2

−i,k)

w0(θ)
.

Let 0 < ρ < 1 be any number satisfying E log ξ0 < log ρ < 0, and let Fk be the event that

max
0�i�k/2

∏
i+1�j�k−1

ξ−j � ρk/2.

We show that

P {Fk} � 1 − C4k
−ν (4.10)
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for all ν > 0 with some C4 = C4(ν). Since E| log ξ0|2ζ < ∞ for all ζ > 0, by the Rosenthal inequality (cf.
Petrov [23, p. 59]) we have that

E

∣∣∣∣∣ ∑
i+1�j�k−1

(log ξ−j − E log ξ0)

∣∣∣∣∣
2ζ

� C5(k − i)ζ if ζ � 1.

Thus, by the Markov inequality we get

P

{
max

0�i�k/2

∏
i+1�j�k−1

ξ−j � ρk/2

}

� P

{
max

0�i�k/2

∑
i+1�j�k−1

(log ξ−j − E log ξ0) � k

4
(log ρ − E log ξ0)

}

�
∑

0�i�k/2

P

{ ∑
i+1�j�k−1

(log ξ−j − E log ξ0) � k

4
(log ρ − E log ξ0)

}

� C6

∑
0�i�k/2

k−2ζ (k − i)ζ � C6k
−(ζ−1),

as claimed. As noted above, ȳ2
−i,k � y2

−i/β if 1 � i < k and, therefore,

∥∥∥∥∥ ∑
1�i�k

c′
i(θ)(y2

−i − ȳ2
−i,k)

∥∥∥∥∥ �
∑

1�i<∞
‖c′

i(θ)‖y2
−i + ‖c′

k(θ)‖σ 2
−k(ε

2
−k + ε2

−k+1)

+ 1

β

∑
1�i�k−1

‖c′
i(θ)‖y2

−i.

(4.11)

Here, in the second term, we have σ 2
−kε

2
−k = y2

−k, and this term can be incorporated into the third one when we
sum up to k. Clearly, w0(θ) � ck−1(θ)y2

−k+1, y2
−k+1 = σ 2

−k+1ε
2
−k+1 = (ω + αy2

−k + βσ 2
−k)ε

2
−k+1 � βσ 2

−kε
2
−k+1,

and, therefore,

‖c′
k(θ)‖σ 2

−kε
2
−k+1

w0(θ)
� 1

β

‖c′
k(θ)‖

ck−1(θ)
.

Since ck(θ) = αβk−1, we have

ck(θ)

ck−1(θ)
= O(1),

and, thus, by (4.4)

‖c′
k(θ)‖σ 2

−kε
2
−k+1

w0(θ)
= O(k). (4.12)

Let I{·} denote the indicator function, and let F k be the complement of Fk. By (4.4), the first relation in Lemma
4.3, and (4.10)–(4.12) we have that, for all ν > 1,

E
(‖Gk,1‖3I{F k}

)
�
(
E(‖Gk,1‖6)1/2(

P {F k}
)1/2 = O(k−ν). (4.13)
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Next we note that

σ 2
−i − σ̄ 2

−i,k = ωξ−i−1 · · · ξ−k+1(1 − ξ−k)X−k

and, thus, for any 1 < γ < ρ−1/2, using (4.4) and Lemma 3.1 of Berkes et al. [3], we have

∥∥∑
1�i�k/2 c′

i(θ)(y2
−i − ȳ2

−i,k)
∥∥

w0(θ)
I{Fk}

=
∥∥∑

1�i�k/2 c′
i(θ)

(∏
i+1�j�k−1 ξ−j

)
ω(1 − ξ−k)X−kε

2
−i

∥∥
w0(θ)

I{Fk}

=
∥∥∑

1�i�k/2 c′
i(θ)

(∏
i+1�j�k−1 ξ−j

)
ω(1 − ξ−k)X−kε

2
−i

∥∥
w0(θ)

× I{Fk}I{|1 − ξ−k|X−k � γ k}

+
∥∥∑

1�i�k/2 c′
i(θ)

(∏
i+1�j�k−1 ξ−j

)
ω(1 − ξ−k)X−kε

2
−i

∥∥
w0(θ)

× I{Fk}I{|1 − ξ−k|X−k > γ k}

� C7ρ
k/2γ k

∑
1�i�k/2

iβi−2ε2
−i + C8kI{|1 − ξk|X−k > γ k}

(4.14)

with some constants C7 and C8, where the second term is obtained by noting that

∥∥∑
1�i�k/2 c′

i(θ)
(∏

i+1�j�k−1 ξ−j

)
ω(1 − ξ−k)X−kε

2
−i

∥∥
w0(θ)

�
∥∥∑

1�i�k/2 c′
i(θ)

(∏
i+1�j�k−1 ξ−j

)
ωX−kε

2
−i

∥∥
w0(θ)

+
∣∣∑

1�i�k/2 c′
i(θ)

(∏
i+1�j�k−1 ξ−j

)
ωξ−kX−kε

2
−i

∥∥
w0(θ)

� C8k,

which, in turn, easily follows from

σ 2
−i � ω

( ∏
i+1�j�k−1

ξ−j

)
ξ−kX−k,

σ 2
−i � ωβ

( ∏
i+1�j�k−1

ξ−j

)
X−k,

and the fact that ∑
1�i�k/2

‖c′
i(θ)‖y2

−i � C9

∑
1�i�k/2

ici(θ)y2
−i � C9kw0(θ).
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By the Minkowski inequality and (2.10) we have that

E

( ∑
1�i�k/2

iβiε2
−i

)2+δ

= O(1).

Since σ 2
−k = ωX−k, (1.10) and Lemma 4.2 imply the existence of ζ > 0 such that E|X−k|ζ < ∞ and

E|X−kξ−k|ζ < ∞ and, consequently,

EI{|1 − ξ−k|X−k > γ k} = O
(
e−δ̂k

)
with some δ̂ > 0.

Thus, we showed that

E

(∥∥∑
1�i�k/2 c′

i(θ)(y2
−i − ȳ2

−i,k)
∥∥

w0(θ)
I{Fk}

)2+δ

= O(k−ν) (4.15)

for all ν > 0.
Let η > 0. From (4.4) it follows that ‖c′

i(θ)‖ � C10(1 + η)ici(θ) for all i � 1 and, thus,

∥∥∥∥∥ ∑
k/2<i�k

c′
i(θ)y2

−i

∥∥∥∥∥ � C10

∑
k/2�i�k

ci(θ)(1 + η)iy2
−i

� C10(1 + η)−k/2
∑

k/2�i�k

(1 + η)2ici(θ)y2
−i

� C10(1 + η)−k/2
∑

1�i<∞
(1 + η)2ici(θ)y2

−i.

(4.16)

Since ȳ2
−i,k � y2

−i/β, from (4.16) we get that∥∥∥∥∥ ∑
k/2<i�k

c′
i(θ)ȳ2

−i,k

∥∥∥∥∥ � C10

β
(1 + η)−k/2

∑
1�i<∞

(1 + η)2ici(θ)y2
−i. (4.17)

Minor modifications of the proof of Lemma 5.2 of Berkes et al. [5] yield

E

(∑
1�i<∞(1 + η)2ici(θ)y2

−i

w0(θ)

)3

< ∞ (4.18)

if η > 0 is small enough. Putting together (4.13)–(4.18), we conclude that

E‖Gk,1‖2+δ = O(k−ν) for all ν > 0. (4.19)

Similarly to (4.19), one can show that

E|Gk,2|2+δ = O(k−ν) for all ν > 0. (4.20)

Lemma 4.4 now follows from (4.8), (4.9), and (4.13)–(4.20).
Let

ak(u) =
∑

k<i�n

(
y2

i

wi(u)
− 1

)(
y2

i−k

wi−k(u)
− 1

)
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and

ãk(u) =
∑

k<i�n

(
y2

i

w̃i(u)
− 1

)(
y2

i−k

w̃i−k(u)
− 1

)
.

For any L > 0, we define

Un(L) = {
u ∈ U : ‖θ − u‖ � Ln−1/2

}
.

The following result is a special case of Lemma 5.1 of Berkes et al. [3].

LEMMA 4.5. If (2.6)–(2.10) hold, then, for any 0 < L < ∞,

sup
0�k<n

sup
u∈Un(L)

|ãk(u) − ak(u)| = o(n1/2) a.s.

LEMMA 4.6. If (2.6)–(2.10) hold, then, for any 0 < L < ∞,

E
(

sup
u∈Un(L)

|ak(u)|
)2

� C11n

with some constant C11 for all 1 � k < ∞.

Proof . Elementary algebra gives

ak(u) =
∑

k<i�n

(ε2
i − 1)(ε2

i−k − 1) +
∑

k<i�n

ε2
i

(
σ 2

i

wi(u)
− 1

)
(ε2

i−k − 1)

+
∑

k<i�n

(ε2
i − 1)ε2

i−k

(
σ 2

i−k

wi−k(u)
− 1

)
+

∑
k<i�n

ε2
i

(
σ 2

i

wi(u)
− 1

)
ε2
i−k

(
σ 2

i−k

wi−k(u)
− 1

)

=: Ak,1 + Ak,2(u) + Ak,3(u) + Ak,4(u).

Since the terms of the sum defining Ak,1 are orthogonal, we have

EA2
k,1 = (n − k)d4

0 .

Moreover,

E sup
u∈Un(L)

A2
k,2(u) � E

∑
k<i,j�n

ε2
i ε

2
j |ε2

i−k − 1||ε2
j−k − 1|

× sup
u∈Un(L)

∣∣∣∣ σ 2
i

wi(u)
− 1

∣∣∣∣ sup
u∈Un(L)

∣∣∣∣∣ σ 2
j

wj (u)
− 1

∣∣∣∣∣ .
Since σ 2

0 = w0(θ), the mean-value theorem yields

sup
u∈Un(L)

∣∣∣∣ σ 2
0

w0(u)
− 1

∣∣∣∣ � L

n1/2
sup
u∈U

‖w′
0(u)‖

w0(u)
sup

u,v∈Un(L)

w0(v)

w0(u)
,
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and, therefore, Lemma 4.3 implies

E

(
n1/2 sup

u∈Un(L)

∣∣∣∣ σ 2
0

w0(u)
− 1

∣∣∣∣
)ν

� C12 for all ν > 0

with some C12(ν, L). Also using (2.4), (2.10) and Hölder’s inequality, it is easily seen that, for any k < i, j � n,
we have

E
(
ε2
i ε

2
j

∣∣ε2
i−k − 1‖ε2

j−k − 1
∣∣)1+η � C13

for some constants η > 0 and C13 > 0. Hence, the above estimates and another application of Hölder’s inequality
imply that

E sup
u∈Un(L)

A2
k,2(u) � C14n.

Similar arguments give

E sup
u∈Un(L)

A2
k,3(u) + E sup

u∈Un(L)

A2
k,4(u) � C15n,

completing the proof of Lemma 4.6.

LEMMA 4.7. If (2.6)–(2.10) hold, then

�m = d4
0

(
Im − 1

4
C1,2,...,mA−1

0 CT
1,2,...,m

)
(4.21)

and

�−1
m = d−4

0

(
Im + 1

4
C1,2,...,m

(
A0 − 1

4
CT

1,2,...,mC1,2,...,m

)−1

CT
1,2,...,m

)
. (4.22)

Proof . By Remark 4.5 of Berkes et al. [5] we have that

B0 = − 2

d2
0

A0

and, therefore,

S = −1

4
A−1

0 ,

completing the proof of (4.21). Now Theorem A.5.1 of Muirhead [21] yields (4.22).

LEMMA 4.8. If (2.6)–(2.10) hold, then

lim
m→∞ CT

1,2,...,mC1,2,...,m = C̃ exists (4.23)

and

A0 − 1

4
C̃ is nonsingular. (4.24)
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Proof . Lemma 4.4 yields that C̃ exists. By Berkes et al. [5] we have that

A0 = 1

4
d2

0E

[(
w′

0(θ)

w0(θ)

)T

− w′
0(θ)

w0(θ)

]
.

It is easy to see that

E

[(
d0

w′
0(θ)

w0(θ)
− 1

d0

∑
1�k<∞

(1 − ε2
−k)ck

)T(
d0

w′
0(θ)

w0(θ)
− 1

d0

∑
1�k<∞

(1 − ε2
−k)ck

)]
= 4

(
A0 − 1

4
C̃
)
.

Let w′
0(θ) = (w′

01, w′
02, w′

03) and ck = (ck1, ck2, ck3). The matrix in (4.24) is singular if and only if there is
(τ1, τ2, τ3) �= 0 such that

τ1w
′
01 + τ2w

′
02 + τ3w

′
03 −

∑
1�k<∞

(1 − ε2
−k)c

∗
kw0(θ) = 0, (4.25)

where c∗
k = (τ1ck1 + τ2ck2 + τ3ck3)/d

2
0 . We next note that

w0(θ) = ω

1 − β
+ α

∑
1�k<∞

βk−1y2
−k

and

w′
01 = 1

1 − β
, w′

02 =
∑

1�k<∞
βk−1y2

−k,

w′
03 = ω

(1 − β)2
+ α

∑
2�k<∞

(k − 1)βk−2y2
−k.

So, using the equations above, we get that

τ1
1

1 − β
+ τ2

∑
1�k<∞

βk−1y2
−k + τ3α

∑
2�k<∞

(k − 1)βk−2y2
−k + τ3

ω

(1 − β)2

+
( ∑

1��<∞
c∗
�ε

2
−� −

∑
1��<∞

c∗
�

)(
ω

1 − β
+ α

∑
1�k<∞

βk−1y2
−k

)
= 0.
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Separating those terms which depend only on ε2
−1, we arrive at

ε4
−1αc∗

1σ
2
−1 + ε2

−1

(
c∗

1

(
ω

1 − β
+ α

∑
2�k<∞

βk−1y2
−k

)
+ τ2σ

2
−1

−
( ∑

1��<∞
c∗
�

)
ασ 2

−1 +
( ∑

2��<∞
c∗
�ε

2
−�α

)
σ 2

−1

)

+
∑

2�k<∞

(
τ2β + τ3α(k − 1) − αβ

∑
1��<∞

c∗
�

)
βk−2y2

−k

+
∑

2��<∞
c∗
�ε

2
−�

(
ω

1 − β
+ α

∑
2�k<∞

βk−1y2
−k

)
= τ ∗

with some constant τ ∗. The last equality is a linear or quadratic equation for ε2
−1 with coefficients measurable

with respect to the σ -algebra F−2 = σ {εi, i � −2}. Clearly, the coefficients of ε4
−1 and ε2

−1 must be both
0, since, otherwise, the solution of the equation, i.e., ε2

−1, would also be measurable with respect to F−2, an
impossibility. Noting that σ 2

−1 � ω > 0, we obtain that c∗
1 = 0 and

τ2 −
( ∑

1��<∞
c∗
�

)
α +

( ∑
2��<∞

c∗
�ε

2
−�

)
α = 0. (4.26)

Since α > 0 and εi, −∞ < i < ∞, are independent, (4.26) can hold only if c∗
� = 0 for all � � 2. Hence, if

(4.25) holds, then c∗
� = 0 for all 1 � � < ∞ and, therefore, (4.25) becomes

τ1
w′

1

w01(θ)
+ τ2

w′
2

w02(θ)
+ τ3

w′
3

w03(θ)
= 0,

contradicting that A0 is nonsingular.

Proof of Theorem 3.3. By the Cholesky decomposition (cf. Seber [25, p. 388]) and Theorem 3.1 we have

n
∑

1�i,j�K

λ
1/2
i r̂n(i)γm(i, j)λ

1/2
j r̂n(j)

D−→
∑

1�i�K

λiN
2
i (4.27)

for all 1 � K < ∞, where N1, N2, . . . are independent standard normal random variables.
Berkes et al. [5] proved that ∥∥θ̃n − θ

∥∥ = OP (n−1/2),

and, therefore, it suffices to show that, for any 0 < L < ∞ and x > 0,

lim
K→∞

lim sup
n→∞

P

{
sup

u∈Un(L)

n

∣∣∣∣∣ ∑
K<i�m

∑
1�j�m

λ
1/2
i ãi(u)γm(i, j)λ

1/2
j ãj (u)

∣∣∣∣∣> x

}
= 0 (4.28)

and

lim
K→∞

lim sup
n→∞

P

{
sup

u∈Un(L)

n

∣∣∣∣∣ ∑
1�i�m

∑
K<j�m

λ
1/2
i ãi(u)γm(i, j)λ

1/2
j ãj (u)

∣∣∣∣∣> x

}
= 0.
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Due to symmetry, we need to establish only (4.28).
We recall that �−1

m satisfies (3.14). Let

C1,2,...,m

(
A0 − 1

4
CT

1,2,...,mC1,2,...,m

)−1

CT
1,2,...,m = {γ ∗

i,j , 1 � i, j � m}.

From Lemmas 4.7 and 4.8 it follows that there is a constant C16 such that |γ ∗
i,j | � C16/(ij)2 for all 1 � i, j � m

and 1 � m < ∞. Hence, by Lemmas 4.5 and 4.4, for any � > 0, there is a random variable n0 such that

sup
u∈Un(L)

∣∣∣∣∣ ∑
K<i�m

∑
1�j�m

λ
1/2
i ãi(u)γm(i, j)λ

1/2
j ãj (u) −

∑
K<i�m

∑
1�j�m

λ
1/2
i ai(u)γm(i, j)λ

1/2
j ãj (u)

∣∣∣∣∣
� �

{ ∑
K<i�m

λi sup
u∈Un(L)

|ai(u)| +
∑

K<i�m

∑
1�j�m

λ
1/2
i λ

1/2
j

1

i2

1

j2

(
sup

u∈Un(L)

|ai(u)| + sup
u∈Un(L)

|aj (u)
)}

if n � n0. Using condition (3.17) and Lemma 4.6, we get

∑
1�i�m

λi sup
u∈Un(L)

∣∣ai(u)
∣∣+ ∑

1�i,j�m

λ
1/2
i λ

1/2
j

1

i2

1

j2

(
sup

u∈Un(L)

|ai(u)| + sup
u∈Un(L)

|aj(u)|
)

= OP (1).

Thus, the proof of (4.28) will be complete if we prove that

lim
K→∞

lim sup
n→∞

P

{
sup

u∈Un(L)

n

∣∣∣∣∣ ∑
K<i�m

∑
1�j�m

λ
1/2
i ai(u)γm(i, j)λ

1/2
j aj (u)

∣∣∣∣∣> x

}
= 0. (4.29)

The result in (4.29) is an immediate consequence of (3.17) and Lemmas 4.4–4.6.
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