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Abstract

Motivated by applications to time series analysis, we establish the asymptotic normality of a quadratic form in i.i.d.

random variables which has a nonvanishing diagonal. Our theory covers the case of both the finite and the infinite fourth

moment, and leads to new results also in the case of a vanishing diagonal.
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1. Introduction

Asymptotic statistical inference for a linear process

X t ¼
X1
j¼0

cjZt�j (1.1)

often requires establishing the limit distribution of the quadratic form

Qn;X ¼
Xn

k;t¼1

dnðk � tÞX kX t (1.2)

with the kernel dnð�Þ depending on the sample size n. A convenient tool for deriving this asymptotic
distribution is to approximate Qn;X by the quadratic form

Qn;Z ¼
Xn

k;t¼1

enðk � tÞZkZt, (1.3)
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in i.i.d. variables Zt. In such an approximation, the relation between the kernels dnð�Þ and enð�Þ is given by

dnðtÞ ¼

Z p

�p
ZnðlÞ e

ilt dl; enðtÞ ¼ 2p
Z p

�p
ZnðlÞf ðlÞ e

ilt dl, (1.4)

where Znð�Þ; n ¼ 1; 2; 3; . . . ; is a sequence of even real functions and f ð�Þ is the spectral density of the process
fX tg. Phillips and Solo (1992), Mikosch et al. (1995), Klüppelberg and Mikosch (1996), Kokoszka and Taqqu
(1996), Horváth and Shao (1999) and Fay et al. (2002), among others, used this technique with kernels dð�Þ and
eð�Þ which do not depend on n. Motivated by applications involving parametric estimation, model fitting and
semiparametric inference, Bhansali et al. (2007) developed a general approach to approximating Qn;X by Qn;Z

for Zn depending on n which leads to an asymptotic theory for Qn;X under weak conditions. It requires a
central limit theorem (CLT) for the form Qn;Z, which is established in this paper together with some extensions
and corrolaries.

The form Qn;Z is seen to have a nonvanishing diagonal, yet to our knowledge no general results for
quadratic forms with nonvanishing diagonal are available at present. For this reason, direct asymptotic
inference based on the form Qn;X , which is a weighted periodogram, involves complex and tedious
calculations. Moreover, the existing results cover the cases of the innovations Zt either with finite fourth
moment or with infinite second moment, see the references following (1.4).

The objective of this paper is to develop a useful limit theory for quadratic forms in i.i.d. random variables
which allows: (1) non-zero diagonal, (2) infinite fourth and finite second moment, (3) the coefficients which
depend on the dimension of the kernel matrix.

The main results with assumptions and some additional discussion are stated in Section 2. The proofs are
developed in Section 3.

2. Main results

In this paper we consider the general quadratic form

Tn ¼
Xn

t;k¼1

an;tkZtZk,

where fZkg are i.i.d. variables, EZk ¼ 0;EZ2
k ¼ 1 and an;tk are entries of a real symmetric matrix

An ¼ ðan;tkÞt;k¼1;...;n. Define ~An ¼ ð ~an;tkÞt;k¼1;...;n by setting ~an;tk ¼ an;tk, if 1pkotpn; ~an;tk ¼ 0, if 1ptpkpn.
The matrix ~An is a triangular projection of the matrix An with diagonal entries equal to zero. We shall denote
by ~A

0

n its transposed matrix. Denote by jjAnjj ¼ ð
Pn

t;k¼1a
2
n;tkÞ

1=2 the Euclidean norm and by jjAnjjsp ¼

maxjjxjj¼1jjAnxjj the spectral norm of the matrix An.
The CLT for quadratic forms Tn is well investigated in case when An is a symmetric matrix with vanishing

diagonal elements: an;tt ¼ 0 for all t. Then the condition jjAnjjsp ¼ oðjjAnjjÞ is sufficient for the CLT to hold,
see Rotar (1973), Jong (1987), Guttorp and Lockhart (1988) and Mikosch (1991). The main objective of this
paper is to extend these results to the case of non-zero diagonal elements.

In Theorem 2.1(i), assuming finite fourth moment, we thus show that the CLT extends to the case when An

has non-zero diagonal elements. We also replace the sufficient condition jjAnjjsp ¼ oðjjAnjjÞ by a weaker new
bound involving the Euclidean norm of the product ~A

0

n
~An of triangular projection ~An. This new bound is of

central importance in the proofs. Its relation to the bound jjAnjjsp ¼ oðjjAnjjÞ is stated as Lemma 2.1, following
the statement of Theorem 2.1. Part (ii) is a more traditional extension of the existing results, it follows from
Lemma 2.1 and part (i). Part (iii) of Theorem 2.1 focuses on the case of Zt with possibly infinite fourth
moment. We show that if a non-zero diagonal vanishes at the rate

Pn
t¼1a2

n;tt ¼ oðjjAnjj
2Þ, then the CLT holds

under 2þ d finite moments, whereas in the case of the zero diagonal only two finite moments are needed.
The proofs are based on the martingale CLT, but require delicate work to determine how many moments of

Zt are needed for the CLT to hold. The proofs of Theorems 2.1 and 2.2 and of Lemma 2.1 are given in
Section 3.
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The following quantity plays an important role in our theory:

Dn ¼
jj ~A
0

n
~Anjj þmaxt¼1;...;n

Pn
s¼1a

2
ts

jjAnjj
2

. (2.1)

Theorem 2.1. (i) If EZ4
to1 and

Dn ! 0, (2.2)

then

ðVarðTnÞÞ
�1=2
ðTn � ETnÞ!

d
Nð0; 1Þ. (2.3)

(ii) If EZ4
t o1 and

jjAnjjsp

jjAnjj
! 0, (2.4)

then convergence (2.3) holds.
(iii) Assume that (2.2) or (2.4) is satisfied and either

EZ2
to1 and a2

n;tt ¼ 0; t ¼ 1; . . . ; n, (2.5)

or

EZ2þd
t o1 ðfor some d40Þ and

Xn

t¼1

a2
n;tt ¼ oðjjAnjj

2Þ (2.6)

holds. Then

1ffiffiffi
2
p
jjAnjj

ðTn � ETnÞ!
d

Nð0; 1Þ. (2.7)

The following lemma shows that assumption (2.4) is stronger than assumption (2.2).

Lemma 2.1. For any symmetric matrix An,

jj ~A
0

n
~AnjjpCjjAnjjspjjAnjj (2.8)

and

DnpC
jjAnjjsp

jjAnjj
, (2.9)

where C does not depend on n.

Next we consider the case when An is a Toeplitz matrix with entries

an;tk ¼

Z p

�p
eiðt�kÞxgnðxÞdx; t; k ¼ 1; . . . ; n, (2.10)

where gnðxÞ; jxjpp is an even real function. Then Dn can be evaluated in terms of the function gnð�Þ.
Assumptions on the function gnð�Þ are tailored to facilitate asymptotic inference for processes whose spectral
density follows a power law at the origin.

Theorem 2.2. Let An be a Toeplitz matrix with entries an;tk given by (2.10). Assume that there exist 0pao1 and

a sequence of constants kn40 such that uniformly in jljpp,

jgnðlÞjpknjlj�a; nX1. (2.11)

(i) Then

jjAnjjsppCknna; nX1. (2.12)
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(ii) Moreover, if

knna

jjAnjj
! 0 (2.13)

and EZ4
t o1 then the quadratic form Tn satisfies the CLT (2.3), whereas if Zt and an;tt satisfy either (2.5) or (2.6)

then the CLT (2.7) holds.

Theorem 2.2 implies that if jgnðxÞjpC, for jxjpjpj and nX1, and VarðTnÞ ! 1, then (2.13) is satisfied in
view of (3.2) below, and the CLT holds.

For the CLT to be valid, it is natural to assume that (2.11) holds with a 2 ½0; 1=2Þ. For example, if
gnðxÞ � gðxÞ ¼ jxj�ahðxÞ where 0ohðxÞo1 is a continuous bounded function, then jjAnjj�Cnmaxð1=2;aÞ if
0pao1 and aa1=2: Then by (2.12), DnpCjjAnjjsp=jjAnjj ¼ oð1Þ if 0pao1=2 and therefore CLT holds.
However, if 1=2oao1 then (2.12) gives the bound DnpC which does not imply the CLT. It is well known that
in this case the CLT does not hold and Tn satisfies a non-CLT, see Giraitis et al. (1988).

3. Proofs

Proof of Theorem 2.1. For simplicity we shall write ats instead of an;ts.
The variance of Tn is

VarðTnÞ ¼ 2
Xn

t;k¼1:tak

a2
n;tk þ VarðZ2

0Þ
Xn

t¼1

a2
n;ttð0Þ (3.1)

and so

VarðTnÞ � jjAnjj
2. (3.2)

Recall that an � bn means that there exist constants c1 and c2 such that c1anpbnpc2an as n!1.
Proof of (i) and (ii). By Lemma 2.1, condition (2.4) implies (2.2). Therefore it suffices to show that CLT (2.3)

holds under assumption (2.2).
Write

Tn � ETn ¼
Xn

t¼1

vt,

where

vt ¼ 2Zt

Xt�1
s¼1

atsZs þ attðZ
2
t � EZ2

t Þ; tX2; v1 ¼ a11ðZ
2
1 � EZ2

1Þ. (3.3)

Set Bn ¼ VarðTnÞ. Since vt ¼ vtðnÞ is a zero mean martingale difference array with respect to the sigma algebra
Ft�1 generated by the variables fZs; 1pspt� 1g, to show convergence (2.3), it suffices to prove that, see
Corollary 3.1 of Hall and Heyde (1980),

Sn :¼ B�1n

Xn

t¼1

E½v2t jFt�1�!
d
1 (3.4)

and

qnðdÞ :¼ B�1n

Xn

t¼1

E v2t 1fjvtjXdB
1=2
n g

h i
! 0 for all d40. (3.5)

First we show (3.4). Put

tnðtÞ ¼ 2
Xt�1
s¼1

atsZs; C1 ¼ E½ZtðZ
2
t � EZ2

t Þ�; C2 ¼ VarðZ2
t Þ � EðZ2

t � EZ2
t Þ

2.
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Then

Sn :¼ B�1n

Xn

t¼1

E½v2t jFt�1� ¼ B�1n

Xn

t¼1

4t2nðtÞ þ 4C1atttnðtÞ þ C2a
2
tt

� �
.

We have that

ESn ¼ B�1n

Xn

t¼1

4
Xt�1
s¼1

a2
ts þ C2a

2
tt

" # !
¼ 1.

Therefore

jSn � 1jpCB�1n

Xn

t¼1

ðt2nðtÞ � Et2nðtÞÞ

�����
�����þ

Xn

t¼1

atttnðtÞ

�����
�����

" #

pCB�1n jSn;1j þ jSn;2j þ jSn;3j
� �

,

where

Sn;1 ¼
Xn

t¼1

X
1ps1os2pt�1

ats1ats2Zs1Zs2 ; Sn;2 ¼
Xn

t¼1

X
1pspt�1

a2
tsðZ

2
s � EZ2

s Þ

and Sn;3 ¼
Pn
t¼1

atttnðtÞ. Then

ES2
n;1pC

Xn

t1;t2¼1

X
1ps1os2ominðt1;t2Þ

at1s1at2s1at1s2at2s2

and

ES2
n;2pC

Xn

t1;t2¼1

X
1psominðt1;t2Þ

a2
t1sa

2
t2s,

which shows that

ES2
n;1 þ ES2

n;2pC
Xn

t1;t2¼1

X
1ps1;s2ominðt1;t2Þ

at1s1at2s1at1s2at2s2 ¼ Cjj ~A
0

n
~Anjj

2.

On the other hand,

ES2
n;3pC

Xn

t1;t2¼1

at1t1at2t2

X
1psominðt1;t2Þ

at1sat2s

pC
Xn

t¼1

a2
tt

 ! Xn

t1;t2¼1

X
1psominðt1;t2Þ

at1sat2s

�����
�����
2

0
@

1
A

1=2

pC
Xn

t¼1

a2
tt

 !
jj ~A
0

n
~AnjjpCjjAnjj

2jj ~A
0

n
~Anjj.

Thus

EðSn � 1Þ2pCB�2n ðES2
n;1 þ ES2

n;2 þ ES2
n;3Þ

pCB�2n ðjj
~A
0 ~Ajj2 þ jjAnjj

2jj ~A
0

n
~AnjjÞpCðD2

n þ DnÞ ! 0

by (2.2) and (3.2), to prove (3.4).
We first prove (3.5) assuming EZ8

j o1. Then

qnðdÞpB�2n d�2
Xn

t¼1

Ev4t .
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From (3.3) it follows that

v4tpC Z4
t

Xt�1
s¼1

2atsZs

�����
�����
4

þ a4
ttðZ

2
t � EZ2

t Þ
4

0
@

1
A,

where

Xt�1
s¼1

atsZs

�����
�����
4

p
X

1ps1;s2pt�1

ats1ats2Zs1Zs2

�����
�����
2

pC
X

1ps1os2pt�1

ats1ats2Zs1Zs2

�����
�����
2

þ
X

1pspt�1

a2
tsZ

2
s

�����
�����
2

0
@

1
A.

Hence

qnðdÞpCB�2n

Xn

t¼1

E
X

1ps1os2pt�1

ats1ats2Zs1Zs2

�����
�����
2

þ
X

1pspt�1

a2
tsZ

2
s

�����
�����
2

þ a4
tt

2
4

3
5

pCB�2n

Xn

t¼1

X
1ps1;s2pt�1

a2
ts1

a2
ts2
þ a4

tt

" #
pCB�2n jjAjj

2 max
t¼1;...;n

Xn

s¼1

a2
ts

pCDn ! 0

by (2.2) and (3.2).
Now we show that (3.5) is valid under the assumption EZ4

j o1. Let K40. Set

Z�t ¼ Zt1fjZtjpKg � E½Zt1fjZtjpKg�; Zþt ¼ Zt1fjZtj4Kg � E½Zt1fjZtj4Kg�. (3.6)

Then ðZ�t Þ and ðZ
þ
t Þ are sequences of i.i.d. variables with zero mean, and Zt ¼ Z�t þ Z�t . Rewrite vt given by

(3.3) as

vt ¼ v�t þ vþt ,

where

v�t ¼ 2
Xt�1
s¼1

atsZ
�
t Z�s þ attððZ

�
t Þ

2
� EðZ�t Þ

2
Þ; vþt ¼ vt � v�t .

Note that if jv�t jpjv
þ
t j=2 then v2tpðjv

�
t j þ jv

þ
t jÞ

2pð3jvþt j=2Þ
2, whereas if jv�t j4jv

þ
t j=2 then

v2tpðjv
�
t j þ jv

þ
t jÞ

2pð3jv�t jÞ
2, and in addition, 1

fjvtjXdB
1=2
n g

p1
fj3v�t jXdB

1=2
n g
: Hence

qnðdÞ ¼ B�1n

Xn

t¼1

E v2t 1fjvtjXdB
1=2
n g

h i

pB�1n

Xn

t¼1

E ð3v�t Þ
21
f3jv�t jXdB

1=2
n g

h i
þ B�1n

Xn

t¼1

E½ð3vþt =2Þ
2
�

¼: q�n ðdÞ þ qþn ðdÞ.

Since variables Z�t have all finite moments, then as we have seen above, q�n ðdÞ ! 0, as n!1, for any K40.
To complete the proof of (3.5) it suffices to show that

sup
nX1

qþn ðdÞ ! 0 as K !1.

Since

ZtZs � Z�t Z�s ¼ Zþt Zþs þ Z�t Zþs þ Zþt Z�s ; ðZtÞ
2
� ðZ�t Þ

2
¼ 2Z�t Zþt þ ðZ

þ
t Þ

2,
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then it is easy to see that

qþn ðdÞpCB�1n E
Xn

t¼1

Xt�1
s¼1

atsZ
þ
t Zþs

�����
�����
2

þ
Xn

t¼1

Xt�1
s¼1

atsZ
�
t Zþs

�����
�����
2

0
@

þ
Xn

t¼1

Xt�1
s¼1

atsZ
þ
t Z�s

�����
�����
2

þ
Xn

t¼1

att ðZtÞ
2
� ðZ�t Þ

2
� E½ðZtÞ

2
� ðZ�t Þ

2
�

� ������
�����
2
1
A

pCB�1n jjAnjj
2dKpCdK ! 0

since jjAnjj
2pCBn by (3.2), and

dK :¼ EjZþt j
2 þ ðEjZþt j

4Þ
1=2
! 0 as K !1.

Proof of (iii). Suppose that a2
n;tt ¼ 0; t ¼ 1; . . . ; n, and EZ2

t o1. Then using truncation (3.6), by the same
argument as above it can be shown that (3.4) and (3.5) are satisfied with Bn ¼ 2jjAnjj

2, which implies (2.7).
If
Pn

t¼1a
2
n;tt ¼ oðjjAjj2Þ, then we can write

Tn � ETn ¼
Xn

t;k¼1

an;tkZtZk ¼
Xn

t;k¼1:tak

an;tkZtZk þ
Xn

t¼1

an;ttðZ
2
t � EZ2

t Þ ¼: T̄n þ T�n.

Denote Ān ¼ ðān;tsÞt;s¼1;...;n where ān;ts ¼ an;ts if tas, ān;tt ¼ 0. By assumption (2.6), jjĀnjj ¼ jjAnjjð1þ oð1ÞÞ, and
we have shown above that

ð
ffiffiffi
2
p
jjAnjjÞ

�1
ðT̄n � ET̄nÞ!

d
Nð0; 1Þ.

Then (2.7) follows if we show that

jjAnjj
�1T�n!

d
0. (3.7)

To estimate T�n we use the inequality

E
Xn

t¼1

atY t

�����
�����
p

pEjY 1j
p
Xn

t¼1

a2
t

�����
�����
p=2

; p41,

which is valid for any real numbers at and i.i.d. random variables ðY tÞ, such that EY t ¼ 0 and EjY 1j
po1, see

Lemma 1.3 of Mikosch (1991). Setting Y t ¼ Z2
t � E½Z2

t � and noting that by assumption (2.6), EjY 1j
po1 with

p ¼ 1þ d=2, we obtain that

Ej jjAnjj
�1T�nj

p ¼ E jjAnjj
�1
Xn

t¼1

an;ttðZ
2
t � E½Z2

t �Þ

�����
�����
p

pC jjAnjj
�2
Xn

t¼1

a2
n:tt

�����
�����
ð1þd=2Þ=2

! 0,

in view of (2.6), to prove (3.7). &

Proof of Lemma 2.1. We first list some properties of matrices which are used in the proof. Let B be a real n	 n

matrix. Then jjBjj2 ¼ Tr½B0B�, where Tr denotes the trace, the sum of the diagonal elements. In particular, if B

is symmetric, then jjBjj2 ¼ Tr½B2�. The matrix B0B is symmetric and positive definite, and has nonnegative
eigenvalues l1Xl2X � � �XlnX0. For every pX1,

jjBjjp ¼
Xn

i¼1

lp=2
i

" #1=p

(3.8)

defines the Schatten lp norm. The matrix B0B has a root jBj, which is a symmetric matrix satisfying jBj2 ¼ B0B.
Observe that jjBjj44 ¼ jj jBj jj

4
4 ¼

Pn
i¼1l

2
i : Since B0B is symmetric and nonnegative definite, there is an

orthonormal matrix U such that

U 0B0BU ¼ diagðl1; . . . ; lnÞ.
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Therefore

Xn

j¼1

l2j ¼ Tr½ðU 0B0BU Þ2� ¼ Tr½U 0ðB0BÞ2U � ¼ Tr½ðB0BÞ2�

and so we obtain the identities

jjBjj44 ¼ Tr½jBj4� ¼ Tr½ðB0BÞ2� ¼ jjB0Bjj22. (3.9)

Since jjBjjsp ¼ l1=21 and jjBjj22 ¼
Pn

i¼1li, we also have

jjB0Bjj22 ¼
Xn

i¼1

l2i pl1
Xn

i¼1

li ¼ jjBjj
2
spjjBjj

2
2. (3.10)

Finally, it is known that

jj ~BjjppCpjjBjjp, (3.11)

where Cp does not depend on B, see e.g. Macaev (1961) and Nikolski (2002, p. 278).
Using the above properties observe that

jj ~A
0

n
~Anjj

2 ¼ jjj ~Anj
2jj2 ¼ Tr½j ~Anj

4� ¼ jj j ~Anj jj
4
4

and

jj j ~Anj jj
4
4pC4

4jjAnjj
4
4 ¼ C4

4jjA
0
nAnjj

2
2pC4

4jjAnjj
2
spjjAnjj

2
2,

which implies (2.8). Relation (2.9) follows from (2.8) and the well-known estimate

max
t¼1;...;n

Xn

s¼1

a2
tspjjAnjj

2
sp: &

Proof of Theorem 2.2. (i) Write

gnðyÞ ¼ gnðyÞ1ðjyjpn�1Þ þ gnðyÞ1ðjyj4n�1Þ ¼: g�n ðyÞ þ gþn ðyÞ.

Set

atk ¼

Z p

�p
gnðyÞ e

iðt�kÞy dy ¼

Z p

�p
g�n ðyÞ e

iðt�kÞy dyþ

Z p

�p
gþn ðyÞ e

iðt�kÞy dy ¼: a�tk ¼ aþtk,

and define A
n ¼ ða


tsÞt;s¼1;...;n. Then

jjAnjjsp ¼ jjA
�
n þ Aþn jjsppjjA

�
n jjsp þ jjA

þ
n jjsp

¼ sup
jjxjj¼1

Xn

t¼1

Xn

s¼1

a�tsxs

�����
�����
2

0
@

1
A

1=2

þ sup
jjxjj¼1

Xn

t¼1

Xn

s¼1

aþtsxs

�����
�����
2

0
@

1
A

1=2

.

By Parseval’s equality, for any jjxjj ¼ 1,

Xn

t¼1

Xn

s¼1

aþtsxs

�����
�����
2

pC
X1

t¼�1

Z p

�p
eity gþn ðyÞ

Xn

s¼1

e�isyxs

 !
dy

�����
�����
2

pC

Z p

�p
jgþn ðyÞj

2
Xn

s¼1

eisyxs

�����
�����
2

dypCk2
n

Zp
�p

jyj�2a1ðjyj4n�1Þ
Xn

s¼1

eisyxs

�����
�����
2

dy

pCk2
nn2a

Z p

�p

Xn

s¼1

eisyxs

�����
�����
2

dypCk2
nn2ajjxjj2 ¼ Ck2

nn2a.
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On the other hand,

Xn

t¼1

Xn

s¼1

a�tsxs

�����
�����
2

p
Xn

t¼1

Z p

�p
eity g�n ðyÞ

Xn

s¼1

e�isyxs

 !
dy

�����
�����
2

p
Xn

t¼1

Z
jyjpn�1

knjyj
�a
Xn

s¼1

jxsjdy

 !2

pCk2
nn2a,

since
Pn

s¼1jxsjpn1=2jjxjjpn1=2, to complete the proof.
Part (ii) follows from Theorem 2.1, using (2.9) and (2.12). &
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