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1. Introduction

Following the seminal work of Engle (1982), the most commonly used model for stationary conditionally heteroskedastic
econometric time series can be written as

Yk = Ok€k» (].1)

where ¢, >0 is a function of {yj, —o0<j< k — 1}, and the random variables {g;, —oo < k < oo} are independent and identically
distributed. The function defining ¢, is unknown, but its form is typically specified by means of recursive equations. In this paper,
we focus on the GARCH(p, q) model (cf. Bollerslev, 1986):

2 _ 2 )
=0+ Y ayi i+ >, Biog (1.2)
1<i<p 1<j<q

where w >0, «; >0 and ﬁj >0 are parameters. There are, of course, many other recursive equations commonly used in the
econometric literature (cf., e.g., Carrasco and Chen, 2002), but the GARCH model remains the most important archetypal example.
Throughout the paper we assume that «; > 0 and Bj > 0.

Necessary and sufficient conditions under which the GARCH(p, q) equations have a unique, strictly stationary, and non-
anticipative solution were found by Nelson (1990) for p =1 and g = 1, and by Bougerol and Picard (1992a,b) for arbitrary
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p>1 and g > 1. (Non-anticipative solution means that {ai, k<i} and {g, k >1} are independent for all —oo <i < o00.) We assume
throughout the paper that these conditions are satisfied, and we also note that these conditions imply the existence of p <1 such
that 1 +--- + B4 < p, which we use explicitly later.

If we assume (as always done in this context) that E(a,zc) = 1, then the processes {y,} and {o}} have the same variances,
provided that their second moments are finite, which we assume throughout. More generally, assuming the GARCH(p, q) model,
the volatility of the observed time series can be associated with the behavior of either {yﬁ} or {o—ﬁ}. In fact, in order to obtain an

idea about the volatility of an econometric zero-mean time series, it is customary to examine the plots of y%, e y% where n is

the length of the observed series, and of aﬁ, e, G%. The latter series is not observable and is therefore replaced by its estimated
counterpart. Zivot and Wang (2003, Chapter 7) give a practical introduction to these ideas.

The objective of this paper is to explore the consequences of Eq. (1.1) by comparing functions of the squared observations
y% to their analogs based on the right-hand side (r.h.s.) of Eq. (1.1). The first of the functions is the sample second moment

n~1y, <k< ny%, and the second function is the empirical distribution function n=1y"; <k<n l{yi <x}, where 1{-} denotes the

indicator function. Since the process {yi} carries information about the volatility, the two functions are measures of volatility.

The first issue that we need to address is how to define analogs of the sample second moment and the empirical distribution
function using the r.h.s. of Eq.(1.1) and employing only the observations y%, A y,% and the parameters of the GARCH(p, q) process.
Such analogs may be used to develop procedures for verifying the validity of assumption (1.1), especially sequential monitoring
schemes in which the constancy of the specified model and its parameters is postulated under the null hypothesis. Procedures
of this type can be based on differences between the corresponding functionals of {y2} and their counterparts corresponding
to the r.h.s. of Eq. (1.1). In Section 2, we establish the existence of limiting distributions for these differences. Theoretical jus-
tifications of the testing procedures alluded to above—whether based on the asymptotic, Monte Carlo, or various resampling
distributions—require the existence of the limits derived in Section 2. This paper focuses on the relevant underlying theory
and, due to space limitations, is not particularly concerned with the development of statistical procedures; nevertheless, a small
numerical illustration is presented in Section 3.

The paper is organized as follows. Section 2 contains main results of the paper which are briefly illustrated by numerical
results in Section 3. Sections 47 contain proofs. The proofs are fairly complex, but we think they are instructive. Specifically, we
demonstrate how Davydov's (1996) sufficient conditions for weak convergence of general stochastic processes can be utilized in
the context of econometric time series. The required moment-type inequalities are proved using classical martingale inequalities
as well as the 'near-independent’ structure of GARCH models developed by Berkes and Horvath (2001). We believe that this
combination of the aforementioned techniques opens up a convenient route for establishing asymptotic results in the theory of
GARCH processes.

2. Measures of volatility

Denote the parameter-vector of the GARCH(p, q) process by 0. Under the assumptions stated in Section 1, we can write (cf.,
e.g., Berkes et al., 2003) the equation ai = wy(0), where

W@ =co® + Y OV ;- (21)

1<i<0

The coefficient-functions c;(#) >0 are deterministic and known; they are defined as solutions of certain recursive equations
(cf. Berkes et al., 2003). Let .7, be the g-algebra generated by {;, —oco <i< k}. Since E(yﬁ | F_1)= aﬁ, the expectations of yﬁ and

2
o

” coincide. Since the process {yi} is stationary, the ergodic theorem implies that, almost surely (a.s.),

1
= > ¥~ E0pI=E@p. (22)
1<k<n
Similarly, since {w;,(0)} is stationary, we have that
1 1 5
- > w0 = > i | > Ewg0) as. (2.3)
1<k<n 1<k<n

Note, however, that the average on the left-hand side (1.h.s.) of Eq. (2.3) depends on {y;, —co <i<n— 1}, whereas we observe only
{¥1,-..,yn}. This suggests averaging si = Wy () instead of wy,(0), where

Wi (0) = co(0) + Z C,-(O)yﬁ_i-
1<i<k-1
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We thus study the difference betweenn=1Y"; <k<n yﬁ andn~1y <k<n sﬁ .Specifically,in Theorem 2.1 we derive the asymptotic
distribution of the process

1
Snh) = —= > wi-sh, 0<t<1.
1<k<nt

Theorem 2.1. Assume that g is non-degenerate and the moments E(sé) and E(ag) are finite. Then the process Sy converges weakly to
W, where 12 = E(ag)(E(sg) — 1) and ¥ is a standard Wiener process.

The asymptotic variance 72 is a known function of the parameter-vector 6. Relevant formulas for GARCH(p, q) and other models
from the GARCH family have been derived in He and Terasvirta (1999, 2004).

To obtain analogous results for the aforementioned empirical distribution function, we observe that the function is an estimator
of P(y% < x) since the process {yj,, —oo < k < oo} is strictly stationary and ergodic. Note that P(y(z) <Xx) is equal to E(Fg(z) x/ 0(2))). The

GARCH(p, q) model therefore implies the equality of the expected values of P{y% <x| ¢, i<k} and FS% (x/acz)) forall x> 0.
Constructing an empirical analog for the expectation E(F% (x/a(zj)) for which a satisfactory asymptotic theory can be developed
isa challenge. For this, we first note that E(Fg(z) (x/a(z))) canbe approximated by n—1 >1<k<n Fg(z) (x/wy(0)). Furthermore, itis natural
to expect that the latter arithmetic meanis close ton—1 >1<k<n Fg(z) (x /s%) .We want to approximate Fs(z) (2) using the empirical dis-
tribution functionn=1Y"; < < , 1{e <z}, bute,'s are not observable. Hence, we rewrite the averageasn=1Y"; < j < 11y2 /0% <2z}
and then replace ai by si. In this way we arrive at the empirical approximation Fy(z) =n~! >1<i<n l{yl2 /sl2 <z} of FS[Z) (z). Given
the discussion above, we expect that n-1 > <k<nFn (x/s%) is a valid approximation of E(Fg(z) (x/o%)). A more tractable asymptotic
theory can, however, be derived if instead of F(z) we use
1 y?

Fien@ = m}(g@: {Sl’z <z}
and, consequently, consider n—1 >1<k<n F,cn(x/sﬁ) as an approximation to the expectation E(FS(Z) (x/a(z))). We therefore focus our
attention on the process

Zn(x) = % > (l{yﬁ <X} = Fin (Xz)) (24)

1<k<n Sk

and establish its limiting distribution so that various functionals of interest would be possible to consider and thus statistical
inferential results derived. To state assumptions under which we can achieve these goals, we need additional notation. Namely,
let tn = (B1 + 212, Bo. ..., Bg1) € RI-1, & =2.0,...,00cRI T anda = (ay, ..., op_1) € RP—2, With these vectors, let A, be
a(p+q-—1) x (p+q— 1) matrix written in the block form as

Tn ﬁq o Op

I 0 0 0
— | g-1
An= & 0 0O 0|
0 0 I 0

p—2
where I;_4 and I,_; are the identity matrices of size ¢ — 1 and p — 2, respectively. For any matrix M, we use ||M|| to denote the
spectral norm sup{|Mx|/|X]| : X # 0}.

Theorem 2.2. Assume that the density f|80| is bounded, the moments E(ag) and E((log+|\A0\|)“) are finite, for some p > 4. Then Zp
converges weakly to a mean-zero Gaussian process Z whose covariance kernel K(x, y) is defined by

XA X
0 O'O 0 GO 0 60

Theorem 2.2 shows that even though the difference Fy2 x) — E(Fsz (x/a(z))) is zero when the GARCH(p, q) model holds,
0 0

its empirical analog converges to a non-degenerate distribution at the rate n—1/2,
3. Numerical examples

We present here results of a simple numerical experiment related to Theorem 2.1 in which the limiting distribution is normal.
The empirical rate of convergence of the normalized random variable S, (1) /7 to the standard normal distribution depends on the
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Fig. 1. The densities of Sp(1)/t with the parameters w = 0.1, x = 0.2, f = 0 (top), and v = 0.1, = 0.1, f = 0.8 (bottom).

Table 1

The power of the Monte Carlo test based on the statistic S,(1)/t with the parameters: v = 0.1, 2 =0.1, f = 0.8 (null), and v = 0.1, 2 = 0.1, f = 0.7 (alternative)
n 500 250 100 50 25

Size (%) 10 5 10 5 10 5 10 5 10 5
Power 1.000 1.000 1.000 0.995 0.884 0.811 0.6635 0.5240 0.4225 0.2780

parameters of the GARCH process. The smaller the parameters o; and f3;, the faster the convergence. This is intuitively clear
because larger values of o; and f3; imply not only more dependence, but also heavier tails of the marginal distribution of the
process {y%} (cf. Mikosch and Starica, 2000; Basrak et al., 2002). To illustrate this point, Fig. 1 shows the simulated densities of
Sn(1)/7, together with the limiting distribution, for the GARCH(1, 1) model with two sets of parameters. Other simulations also
show that large values of /5 lead to slow rates of convergence.

The simulated distribution of Sp(1)/7 can, in principle, be used to test if the parameter 6 is equal to a specified value. A test
of this type can, for example, be incorporated into a monitoring scheme designed to quickly detect a change in parameters. As
noted in Section 1, we are not concerned here with the practical development of such procedures, but merely present a simple
illustration. Under the null hypothesis, the observations follow a GARCH(1, 1) model with the parameters w = 0.1, « = 0.1, and
[ =0.8; under the alternative the parameter /5 changes to 5 = 0.7. The test rejects at the nominal significance level s if Sp(1)/7 is
smaller than Q(s/2) or greater than Q(1 — s/2), where Q(x) is the xth quantile of the simulated distribution of Sy (1)/7 under the
null hypothesis. When computing the statistic Sy(1)/7 from the data, 7 is computed assuming the null hypothesis. Such a test
has an empirical size equal to the nominal size up to a chance error due to the finite number of replications (we have used two
thousands). Table 1 shows that the empirical power is very good. Generally speaking, the theory developed here can be used to
provide asymptotic justification for monitoring procedures in which a departure from a model with a specified parameter value
must be detected early.

4. Proof of Theorem 2.1

We start with the elementary equation

1 5 1 -
Snh=—= Y Gr-w@)+— > (w0 — W) (4.1)
\/ﬁlgkgnt ‘ \/ﬁlgkgnt

and show that its right-most term converges to 0. Note that the absolute difference [wy,(0) — \7vk(0)|, whichis ) i<oo C,'(O)yiii,
does not exceed €3 ki oo pi/qyi_i, which we rewrite as cpk/4y" <j<oo pj/qu_j_ By Lemma 2.2 of Berkes et al. (2003),

20<j<o0 pj/qyz_j < oo a.s. Hence, uniformly over all ¢, the right-most term of Eq. (4.1) converges to 0 when n — oo, and so

the limit of the process S, is determined by the first term, which is the normalized partial sum of the martingale differences
aﬁ (8% — 1) with respect to the g-algebras 7. Using a martingale convergence theorem (cf,, e.g., Hall and Heyde, 1980), we have
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that the first term on the r.h.s. of Eq. (4.1) has the same limit process as the one specified in Theorem 2.1. This concludes the
proof. [

Note 4.1. The above proof shows that Y"1 < _, |07 — 57| < 0o a.s. The ergodic theorem yields that n=1Y"; < < , 0% — E(d3) as.
These statements imply that n=13"; <y < , 57 — E(d3) a.s. Also, with the help of the bound

1 22
<m—k+1)+—2 o® > loj =5,
k<I<n

n
~N‘~QN

k<I<n

the above statements imply that max; < g < o (1 — k + 1)~ << (67/?) is bounded in probability when n — cc. We shall
frequently use these 'convergence' statements in the proofs below.

5. Proof of Theorem 2.2

The proof is technically demanding but interesting. We start with the note that instead of the process {Z;(x) : x>0},
we equivalently investigate weak convergence of {Z, *2) x> 0}, which we write as

Z"(Xz):% 2 (I{IE"K;;} n—k+1 2 {l’l o })

1<k<n k<I<n

Next, we write Zn (x2) = Z(x) + Z* (x) — Z**(x), where

" 1 X X
o= 3 (g ] - (3)

1<k<n
e eol\ o7 ) " k1 el
Yy S o) m-kal A0 s
1 1 XS XS
L0 =—= Y 5 2 (1{|sl|<—’}—ago,<7l ))
\/ﬁlgkgnnikJrlkg[gn Skl SKo]

We show next that sup,|Z;;* (x)|—p0, which reduces weak convergence of Z, to that of Z;; — Z;;**. To prove the aforementioned
convergence to zero, we split the supremum into two halves: x <xp and x > xp, where x; = n1/3. When x <xn, we use the
assumption that fi¢| is bounded, apply the bounds oy, sy = co(0) > 0 for all k, and have that

1
ST Y T o

1<k<n k<I<n

1 N

cxnlogn
— /= —Sp,|. 5.1
o seor S > ok — skl (5.1)

vn 1<k<n

Since } 1 < koo |aﬁ - s§| < oo as. (cf. Note 4.1), we have supg < y < x, 25" (x)|—p0. Hence, we are left with the case x > xn. We
estimate |F| el Xn/0g) — F &gl XnSy/ (SoD)| by the sum of two survival functions. Then we estimate the survival functions using the
Markov inequality and obtain that

2
C 01
k¥ < + — 1. .
sup |Zy (X)\\x%ﬁ (] 2 : ak 2: ] 1 k Z ) (5.2)

X=X 52
ZXn <k<n 1<I<n k<I<n "l

By Note 4.1, n 1Y) <y <02 — E(@3) as. and n™131 << 52 — E(03) as. We also have that maxy < < p(n — k + 1)~
Zkglgn (012/512) = Op(1). Hence, the r.h.s. of bound (5.2) is @p(ﬁ/x%), which converges to zero and establishes the desired
statement.

Inview of the above, we now need to establish weak convergence of Z;; —Z;;**. Naturally, we first check that all finite dimensional
distributions (f.d.d.'s) of Z;; — Z;}** converge to the corresponding f.d.d.'s of the process {Z(x%), 0 <X < oo}. To this end, we write
Zy I =Y 1<i<nn, z'Whefe

1 X X Xs| Xs; ))
=— (11lgI<—{ —F E 1 <—1¢—F — ).
(Zn,l(x) Jn ( {I‘cll Gl} €0l (O-l>) [ s n —k+1 ( {|<°l| Sk()'l} %ol <Skal

Foranym=>1, 4; € Rand x; >0, we have 371 < ;< m 4 — Z7™) (X)) = X1 <1< nMnl With 1 1= 371 <i<m 4iCn 1(%p)- Note that
E(ény,(x)|97,,1)=0 for any I. Hence, for every fixed n, the process (3_4 <i<mnl F m,1<m<n)isamartingale. We can therefore
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employ the CLT for martingales (cf,, e.g., Hall and Heyde, 1980) to prove convergence of 3" < | < m 1| in distribution. Note that
[Mp il <c(4q] + -+ + |AmDIdogn)/+/n. Hence, Corollary 3.1 of Hall and Heyde (1980) implies that )" <1< nln, converges in
distribution to "1 < <y 4Z(x?),provided that

2
> E(n%’l\ffl_l)»E ( 3 iiZ(xiz)) as. (5.3)

1<I<n 1<i<m

To prove the latter statement, we first write the expectation E(17T2LI|371_1 )asthedoublesum "y «; < m 4ArE(Cy (X)) En 1) F ).
Next we analyze the expectation E(¢p j(x))¢p (xr)|#_1). Trivial algebra shows that this expectation can be written as
n-1 (an.1.1Xi, Xr) + - - -+ dp | 4(X;, Xr)), where the four summands are, respectively,

Xi AX X; X
Fiey| (7’ P r) F\so|< 1)F|80| (arl) (5.4)

e (o (5 30) o (551 o (57))
— (Fe (ZELATC) —F Fe ) (5.5)
lgél n—l<+l léo SkO'l 9] lé Ol SkO'l I2 Ol aj
o (Pl (5 20) o (51 o (551)
—— | F A F F — 5.6
lggln—k-i-l ( ‘EOI (SkO'l ] IFO' ‘FO‘ SkO'l ( )

1 XS] XrS| xisl Xrs|
Z Z —k+1 n—i+1 (F‘ ol (Skal a Siay ~ Fieol Fieol sio1))” (5.7)

1<k<ITI<i<I

By the ergodic theorem, n=1Y"; <1<nn 11X, Xr) — K(xl.z, x%) a.s., and so we have

1 A
Z Ailr (n Z an’,,l(x,-,xr))a Z Ai2r1<(xi2,x?) a.s. (5.8)

1<ir<m 1<I<n 1<ir<m

Note that the r.h.s. of statement (5.8) equals the r.h.s. of statement (5.3). Hence, the latter statement follows if n—1 (@ 12, xr) +
apn 13X, Xr) + ap ) 4(Xj, xr)) — 0 a.s. Using the boundedness ofﬁgm and also Note 4.1, we replace—with an error terms of up to

Oa.s.(n~1logn)—all s's by ¢'s in quantities (5.5)—(5.7)) and then see that the resulting quantities add up to zero. This finishes
the proof of statement (5.3). Hence, all f.d.d.'s of Z;; — Z;;** converge to the corresponding f.d.d.'s of the process {Z(x2), 0< X < o0}.
Theorem 2.2, however, requires us to establish weak convergence of Z}; — Z}**. To this end, we first transform the process Z;; — Z;**
into

Va(®) = s = Zi™) (Fyyg (0), 0<E<1. (5.9)
We already know that all f.d.d.'s of V;; converge to the corresponding f.d.d.'s of the process V, which is defined by
V(D) = Z(Fy (01, 0<t<1.

This verifies assumption (i) of the following theorem, which has recently been extended to multi-parameter stochastic processes
by Davydov and Zitikis (2008). [

Theorem 5.1 (Davydov, 1996). Let Vi = {Vn(t),0<t <1} be a stochastic process with paths in D[0O, 1] a.s. Let the following three
assumptions hold:

(i) There exists a process V = {V(t), 0<t <1} such that all f.d.d.'s of Vi converge to the corresponding f.d.d.'s of V.
(ii) There exist constants k >y > 1, ¢ > 0, and a sequence of positive numbers an | 0 such that, for alln>1 and whenever |t — s| > ap,
we have that

E(IVn(t) = Va(s)|®) <clt —s|7.

(iii) The process Vi can be written as the difference of two non-decreasing processes G; — G;* such that at least one of them, denote it
by Gn, satisfies the property

max |Gn(ti11) — Gn(tp|—p0,
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where, for every fixed n, the maximum is taken over alli=0,1, ..., in with in = [1/an], and t; = iap foralli=0,1, ..., in and
tip4+1 =1

Then Vi, converges weakly to V in D[0, 1], and the limit process V is continuous a.s.

To complete the proof of Theorem 2.2, we need to verify assumptions (ii) and (iii). Since the verification is involved, we
subdivide the task into two sections.

6. Verification of assumption (ii) of Theorem 5.1

We verify assumption (ii) with k =4 and ap = n—( _A), where0 <A< 1. Withy= F‘;;‘ (Hyandx = FI};I (s), we write Vi (t) — Vr(s)
as Y 1 1 &p ((x, yD), where & (X, Y1) = & 1) — &, (0. (In general, for any function h, we use the notation h((x, y]) = h(y) — h(x).)
Hence, we need to prove that, when |t — s| > ap,
n 4
Y énixyn| | <ce—sp. (6.1)

i=1

E

For fixed x <y the process (31 < j<m Cn (X ¥1), # m, 1 <m<n)isamartingale. The Rosenthal inequality (cf., e.g., Hall and Heyde,
1980, pp. 23—24) implies that up to a universal constant ¢ the moment in (6.1) does not exceed the sum of

2
> E@(xy)) and E { 3 E(«Z?,,,«x,y]n%]»} : (62)
1<I<n 1<I<n

We need to show that the two quantities in (6.2) do not exceed c|t —s|” for some y > 1. To this end, we first express &, ;((x, y]) as
the sum of n=1/2A, ((x. y]) and n=1/2B,, ;((x. y1), where

X X
A0 =1 i< | e ()

and By, 1(X) = >°1 < k <1 Bn1.k (%) with the notation

1 XS XS]
B e — 1 X _F 5 o .
nLk®) =5 k+1 ( {81 Skl } ol <s’<al>)

We next prove the upper bound c|t — s|” for the first quantity in (6.2). Up to a constant ¢, the quantity does not exceed the sum of

1 1
— > E@Ar(xy) and — 3" E®Bj (YD) (6.3)
1<I<n 1<i<n

Hence, we need to establish the upper bound c|t — s|” for both quantities in (6.3). For this, we first note that since |A, ;(x)| <1, the
expectation E(A;l1 (X, YD) does not exceed E(1AL 1((x, yDD. The latter expectation does not exceed 2E(\F|80| (x,y1/op), which is of

course 2|Fy(¥) —Fiyy (%) and thus 2|t —s|. Consequently, the first quantity in (6.3) does not exceed cn—1|t —s|. Since an = n—(1-%

and |t — s| > ap, we have that cn—1|t — s| does not exceed c|t — s|” for some y > 1, which is the desired result. We next bound the
second quantity in (6.3), and start with the bound

4
E<33,z(<x’ﬂ>><( > [E<Bﬁ,l,k<(x,y1>)]”4) . (6.4)
1<k<lI

To estimate the expectation on the r.h.s. of bound (6.4), we first use the fact that B, ; ;. ((x, y]) does not exceed 1 and then obtain
XS] X
e [ () - (7))
M —k+ 1% g<yenel O \sgoy o\ o

o ()

EB; | (YD) <

c
b E
n—k+ 14 (
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We have already noted above that the second expectation on the r.h.s. of bound (6.5) does not exceed c|t — s|. To estimate the
supremum on the r.h.s. of bound (6.5), we split it into two halves: x <x; and x > xp, with x; = 1/ap. Using the assumption that
the density fig,| is bounded, we estimate the supremum with respect to x<x, by the quantity cxn|oy — si| + cxnlo; — sjI. To
estimate the supremum with respect to x > x, we split it into the sum of the survival function of |¢y| evaluated at the points
Xn$1/(spop and xp /0, and then apply the Markov inequality. In summary, we have from bound (6.5) that E(B*, ((x,y])) does not

n,lLk
exceed

;<x E(0, — sp]) + xnE(0 — Si]) + —E(s,0 +6)+|t—s|>
s 18 (B =Sk +XnE (@) =) + 5 E(s0 + 0 :

Note 4.1 shows that E(|o}, — s;|) does not exceed cpk/4. Furthermore, the expectation E(s o) + o) does not exceed a constant c,
which is independent of k and . Hence,

cx}/ 4

4 1/4
Y [EBy (. yD)] SGoIED

1 1/4
+clogn<xnpl/q+x—+|t—s|> . (6.6)
1<k<!I "

We raise the r.h.s. of bound (6.6) to the power 4 (cf. bound (6.4)), sum up the result with respect to 1<I<n, divide it by n2, and
arrive at the bound

1 o101
” <Zz< E(B; ((x, y)) <c(log n)* (n% Tt altt s|>. (6.7)
AN \n’

Since xp=1/an, an —n—(-% and |t —s| > ap, the r.h.s. of bound (6.7) does not exceed c|t —s|” with y > 1. This finishes the estimation
of the first quantity in (6.2).
In order to obtain the upper bound c|t — s|” for the second quantity of (6.2), we estimate it by the sum of

2 2

1 1 P

—E { 3 E(Aﬁ,((x,y])%p)} and —E { 3 E(Bi,((x,y])wu))} : (6.8)
1<I<n 1<I<n

The first quantity in (6.8) does not exceed n—2E([Zl <I<n Y,]z). where the random variables Y; = Fi ((x, y1/a)) are identically
distributed. If the random variables Y; were independent, then E([>_4 <I<n Yl]z) would not exceed 112(E(Y0))2 + nE(Yg); note also
E(Yg) <E(Yp). The expectation E(Yp) is equal to Fiyo1 @) = Fiyo @), which is t — s. (Recall that we consider the case x <y.) Hence,

under the independence assumption, the first quantity in (6.8) does not exceed |t —s|2 +n~1|t —s|, which is a desired bound. Note,
however, that the variables Y; are not independent; fortunately, they are nearly independent as proved by Berkes and Horvath
(2001, Lemma 2.1) and recorded for our convenience as Lemma 6.1.

Lemma 6.1. IfE((log™ |A|)H) < oo, then there are constants 1 and ¢y such that ai =ri’R + nk’Raﬁ_R, where Tﬁ,R € F (84_1,---+ Ek_R)
is not smaller than a constant c(6) > 0, and the bound P(ng gl 2 e 1Ry < czR—/‘/2 holds.

The variables 7y, g and 7 g are independent when |k — I| > R, and they are close to o), and o), respectively. This is the main idea
of our proof below showing that, for some y > 1,

2
1 ,
n—zE [ > Y,} <clt—s|” (6.9)

1<I<n
whenever |t — 5| > ap. We start the proof of bound (6.9) as follows:

2 2
E [ > Y,:| <E [ > Y,,R} +en Y4, (6.10)
1<I<n 1<I<n 1<I<n

where Y) p = Fig, (X, ¥1/7;g) and

o) ra3)):

A1=E< sup

0<x<0
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We write the second moment on the r.h.s. of (6.10) as a double sum, split it into two parts according to whether |k — [| <R or
[k —I| >R, and then use the independence of 7y, g and 7; p when |k — [| > R. This gives the bound

2 2
[ > Y,’R} gcnR+( > E(Yk,R)). (6.11)
1<I<n 1<k<n
The sum Y E(Yj g) does not exceed 2 > A; + Y E(Y), and E(Y},) = |t — s|. Hence,
2 2
[ > Y,} gcnR+(2 > A,+n|t—s|) +en Y A (6.12)
1<I<n 1<i<n 1<I<n

We next estimate /; by splitting the supremum into two halves: x <xp and x > x. To estimate the first part, we use the assumption
that fi¢,| is bounded and, with the help of Lemma 6.1, obtain that

X X 1 1 _CR —un
sup |F, ( >—F SN <coxnE|= — — |1 gl <e Ry ) + R
(x<x,1 “l g ) o\ )|) ST o mg| RS

<cxpe R4 cR-H/2,
To estimate the second part, we bound the supremum by the sum of two survival functions, split one of them into two parts as
suggested by Lemma 6.1, apply the Markov inequality, and obtain that

E (sup
X>Xn

X X
)= = < —CcR u/2
F|30‘ (61) F|30| (‘L’LR)D Xn E(O’l)-i- nE(‘ElR1{\1’],<R| e })+CR

C —
<7+CR 12,
Xn

The above two bounds imply that A; <c(xy, 2 4 xpe—R L R-1/2), Choosing the parameters appropriately, we have that A4; <c|t —s|”
when |t — s| > ap. Indeed, with x; = 1/ay and ap = 1/n1*’1 as before, and with R = n” for some 0 < p < 1 to be specified later, we
have that x;z and x,e~CR do not exceed c|t — 5|2, whereas R—/2 does not exceed |t —s|” when w>2(1—2)/p.The latter condition
follows from p > 2(1 — A)/4, provided that we can choose p as close to 4 as desired, which we can do. Hence, we have the bound

2E([Zl <i<n Y1 2y<cRn~ 1 + |t — 5|7, Finally, Rn~1 does not exceed |t — s|” with y=(1-p)/(1 - Z), which is greater than 1
since p < 4. This proves that the first quantity in (6.8) does not exceed |t — s|” when |t — s| > ap.

We next establish an analogous bound for the second quantity in (6.8) under the same choices of parameters as above, except
that we now restrict the values of / to % < /< 1. Using the equation B, j(x) = >"1 < k<1 Bpn 1 k%), writing Bﬁ’ 1((x,¥]) as a double
sum, and applying the Cauchy--Schwarz inequality, we have that

2
NSNS
“ol Tsor

gl (521)). (6.13)

Skl

1
E(B%’l((x,y])|9'*l_1))<c( Z m(
1<k<lI

1
<cl
clogn Z n—k+1
1<k<lI

To estimate the r.h.s. of bound (6.13), we replace s;/(syo)) by 1/0} and 1/g, by 1/t g; the latter replacement gives the needed
independence structure. That is, we have that E(B% (X, YDIF _1)) does not exceed the sum of the three quantities

. B 1 ((XMS,) B ((X, y])
@””((X’y])_Clogn]gzkgi”"‘“ Fieg| o Fie| o )|
o 1 *,y1 (*,y]
n1(X.y) =clogn Z ——7 |Fleol (7) — Fieg ()‘
1<k<ln k+1 Ok Tk.R
1 x,y]
@***((x yl) =clogn Z P F£0|< )'
1<k<1n_k+1 Tk R
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We next show that the r.h.s. of the following bound does not exceed c|t —s|” whenever |t —s| > ap, (cf. notes below bound (6.5)
for hints):

2 2
1 x% (logn)? 1

1<I<n 1<I<n1<k<l

2
2 1 4
+CME { Z IG[ _Sl|:|

2
n 1<1<n

- 2
(logm)? 1
¢ E Z o Z n—k+1 Sk

212
Xnht L1<I<n 1<k<I
o (T 2
(logn) 1
Xnl L1<I<n1<k<I

The first term on the r.h.s. of bound (6.14) does not exceed the second one. Note 4.1 implies that the expectation in the second term
does not exceed a constant since E(yg) < c0. The third expectation on the r.h.s. of bound (6.14) does not exceed cn? since E(o—g) < oo.

The fourth expectation does not exceed E([3_1 < k< n k1), which does not exceed cn?. Hence, the r.h.s. of bound (6.14) does not
exceed cx%(log min—2 4+ c(log n)zxgz. With xp = a,;l and ap = 1/n]‘i as before, we only need to show that c(log n)4/(a%n2) and
caz(logn)? do not exceed |t — s|” when |t — s| > an. The quantity caZ (log n)% obviously satisfies the bound. As to c(log n)4/(a2n?),

we first note that this quantity equals c(log n)4/n21, which does not exceed |t —s|” when |t —s| > ap, provided that 24/(1 — 1) > 1.
The latter holds when/ > % which we assume.

We next consider the quantity @ ((x, y]) and start with the bound

2
x,y1 x,¥1
Fl;:0| (Tk> _F\Eol ( TeR )' ) : (6.15)

Using the earlier obtained estimate of A, we have that the r.h.s. of bound (6.15) does not exceed c(log n)2 (xg2 +xpe~CR L R—1/2),
which in turn does not exceed |t — s|” when |t — 5| > ap. Finally, we consider @} " ((x. y]) and write the equation

2
(x,y1
Fieg ( o ) } : (6.16)

Arguments below bound (6.11) imply that the r.h.s. of Eq. (6.16) does not exceed c|t — s|” when |t — 5| > ap. This completes the
verification of condition (ii).

2
1 " c(logn)?
—E { > @n,,«x,y])} S X E(

n2
1<I<n I<ksn

2
1 *k (logn)z
n—zE { > @n’l((x,y]):| == E >

1<I<n 1<k<n

7. Verification of assumption (iii) of Theorem 5.1

With x = FI;;I (t) we write Vy(t) = Z} (x) — Z;7** (x) as follows:

1 X 1 1 XS|
=|— S—1+—= n_k+1 S,
Va(t) [Jﬁ > 1{|8k|\ak}+ N 2. n—k+1 2 Fio <5k01):|

1<k<n 1<k<n k<I<n
1 1 XS] 1 X
- | — _ 1111 <— — Fi¢ — ). 71
[«/ﬁ 2 n—k+1 2 {|l|\51<01}+«/ﬁ 2 'bo(ﬂk)} -
1<k<n k<I<n 1<k<n

This is the difference of two non-decreasing processes, and since we can choose any of them to verify assumption (iii), we choose
the one in the first square brackets. Denote this processes by G, and rewrite it in a slightly different form

1 2 X
Gn(x) N E n,kX) + NG Z leol (gk)

1<k<n 1<k<n
1

1 Xs; X
P2 n_mk§<n(‘”'so'(skm>‘“o'<ak)>' 72)

1<k<n
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We need to show that max;|Gn((x;, ;1 |—p0, where x; = F‘;g‘(ti), i=0,1,...,ip, and Xip4+1 = Fy‘z1 (1). The third term on the

r.h.s. of Eq. (7.2) converges to 0 uniformly in x since the difference between the two distribution fungtions there does not exceed
Xn|0g — S| + CXnlo] — sj| + Xy 2 (si 012 + aﬁ) with an appropriate choice of xp; see the estimation of the supremum on the r.h.s. of
bound (6.5) for detail. Hence, we need to prove only that max;|Hn((X;, X;, 11)|—p0, where Hp(x) is the sum of the first two terms
on the r.h.s. of bound (7.2), that is,

1 2 X X X
Hn(X) = — 2: A,]@)+~4* 2: (ﬂg\(‘*)-—E(ﬂg‘<47)))-+ZVEE(HS|(47>)‘
ﬁlékgn " ﬁ]gkgn AN 0"\ oo 0"\ gg

The right-most expectation equals Fiyo1@). The quantity IFlyo1 (X, Xi 41D equals |t;,1 — t;|, which does not exceed an. Hence,

Jnmaxi|Fy. ((x;, X, 11)| does not exceed /i an, which converges to 0 since / < 1. Consequently, the verification of assumption
il lyol "> Y1 V)
(iii) reduces to proving the statements:

1
max|— Y Ay (X, Xi1)| —pO, (7.3)
! Vﬁ1<k<n
1 (X, Xj411 X, Xj11]
max|—= »_ (Fwo‘(4444447 —E(Fgy ( —— —p0. (7.4)
! Vﬁlgkgn k 70

To prove statement (7.3), we write the bound

P {max
1

For fixed x <y, the process (3 1 <k<m Ap k(X ¥D), Z m,1<m<n) is a martingale. Thus, the Rosenthal inequality (cf., e.g., Hall
and Heyde, 1980, pp. 23--24) implies

4
Y Ank(®iXigD (7.5)
1<k<n

1
W Y Ank(® gD

n "
1<k<n i

1
>8}<84nzZE

4
1 c
SE|| 2 An@ixiaa| | <o 37 B (X))
1<k<n 1<k<n
2
Cc
+—E { > E(A%’k((xi,Xi+1])|g71_1))} : (7.6)
n 1<k<n

We have encountered quantities on the r.h.s. of bound (7.6) in the proofs above. Specifically, we already know that the first term
on the r.h.s. of (7.6) does not exceed (c/n)|t;, 1 — t;|. Summing it up with respect to i, we have a quantity that converges to 0 when

n — oc. The second term on the r.h.s. of (7.6) does not exceed c(x;2 + xne~R + R-#/2 4 R/n + |ti, 1 — t;|%) with, say, xn = 1/an.
Summing it up with respect to i and using the facts that |t;, 1 — t;| <ap and that there are at most (¢/(1/ap) summands in the sum

;. we obtain a quantity of the order n=! + an + a5 2e~R + a; 'R=#/2 4 Ra; 'n~1. 1t converges to 0 since ay = 1/n'~* R=n, p
is a sufficiently close to 4, and > 2(1 — A)/A. This completes the proof of statement (7.3).
To prove statement (7.4), we first note that

X X
P (22) ~ g (m)‘) 20

Indeed, from results above, it follows that the r.h.s. of the above statement does not exceed cv/n(x; 2, xpe~R 1 R=H/2) which
converges to 0 with our choices of parameters. With the help of the just proved statement, we reduce statement (7.4) to an
analogous one with 7 p instead of ), and g¢. Denote

X Xj 1] Xi Xi41]
Dy r(Xj. Xj 111 = Figy (Tk,R —E | Figgy) T /)

Our task becomes to show that the r.h.s. of the following bound converges to 0:

1
P { max

% > E( sup

nlékgn 0<X<OO

4

— > Drr®p X1l (7.7)

1<k<n

D Drr®p Xipq]
1<k<n

1
>ep < ——= E
;\841'122

i
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To estimate the right-most expectation, we rewrite it as the sum of (1) the sum over all indices 1< kq, ky, k3, k4 <n such that the
distance between any of the k;'s does not exceed 3R and (2) the sum over all 1 <kq, ky, k3, k4 <n such that the above '3R-distance
rule’ is violated but the following property holds: for each of the four k;'s there is a k; such that the distance between k; and k;
does not exceed R. Hence,

4

El| Y Dyr@xixig1l| | <cnRPE(Dg rx;. Xiy1]) + cn®R*E(IDg p(x;. Xiy 110)%. (7.8)
1<k<n

Estimates obtained in proofs above show that the r.h.s. of bound (7.8) does not exceed (with our usual choice of parameters;
see below bound (7.9))

2
cnR3 ( + 20 ) +Cn2R2( + 20 ) +enR3ti, 1 — ] + cn?R%|ti, 1 — 1.
n Xn

Since the sum }_; has ¢(1/an) summands, the above bound implies that

4 2
1 R (1 xp 1 R2 (1 x 1
> SEl| D Dkr@iXij1l <<++)+ S+t
i n2 1<rgn nan \x2 ~ eR = Ru/2 an \x2 eR ~ Ru2
R3
+ —Cn + canR?. (7.9)

We choose ap =1/n1 4 xn=1 /an,R=nP,and 1 > % and then check that there exists p < % such that, under the assumption u > 4,
the r.h.s. of bound (7.9) converges to 0. This completes the verification of condition (iii). The proof of Theorem 5.1 is finished.
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