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[1] The ground-based magnetometer network has long been a powerful tool for
monitoring and observing the variations of the currents flowing in the magnetosphere-
ionosphere (M-I) system. The time series of magnetograms are nonstationary and their
frequency behavior changes over time. They are therefore not amenable to traditional time
domain or spectral (Fourier) analysis. In recent years, various new mathematical
techniques have been developed to analyze magnetometer data and the wavelet technique
has stood out as being particularly relevant. In order to correctly make statistical inferences
based on wavelet analysis, the wavelet coefficient distributions of magnetograms must
be examined. In this work, we apply the discrete wavelet transform to the 1-min
magnetometer records and then use several statistical techniques to analyze the probability
distributions of the wavelet coefficients. It is found that the distributions of these
coefficients for both storm and quiet times are highly nonnormal and can be classified as
being heavy tailed. This finding suggests that when applying statistical techniques to the
wavelet coefficients of the magnetograms, one must make sure that these techniques
are robust to large departures from Gaussianity manifested by the presence of heavy
probability tails. It is also found that the tail indexes for storm times are on average smaller
than those of quiet times, which reflects the stronger impulsive and nonstationary features
in magnetometer data during storm times, and the shifts are most significant for the
wavelet coefficients corresponding to physical scales of 4–8 min.
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1. Introduction

[2] The currents flowing in the magnetosphere-iono-
sphere (M-I) form a complicated multiscale system in which
a number of individual current components connect and
influence each other [Tsyganenko, 2000], and their varia-
tions are closely connected to various nonlinear dynamic
M-I processes, including magnetic storms and substorms.
The monitoring and observing of the variations of the M-I
current system has long been an important tool helping us to
understand the response of the M-I system to the solar wind
driver and explore the electrodynamics in the magneto-
sphere and ionosphere. Among the various observational
means, the global network of ground-based magnetometers
stands out with unique strengths [Friedrich et al., 1999].
The recorded data are in continuous form covering all UTs
and seasons, and almost all electrodynamic processes in the
M-I system directly or indirectly leave their traces in the
magnetograms. On the other hand, the capability of simul-
taneously observing many nonlinear M-I electrodynamic

processes by the magnetometer leads to magnetogram
records that contain multiple-scale information with com-
plex behavior. An example of a magnetogram is displayed
in Figure 1 which shows the relative horizontal component
of the magnetic field disturbance, measured at Boulder,
Colorado, during a very strong storm which took place
between 30 March and 2 April 2001. Owing to the multi-
scale and nonlinear nature of the M-I current system, the
magnetograms are nonstationary and quite impulsive, and
their frequency spectrum changes with time, sometimes
quite abruptly. Therefore the traditional Fourier analysis,
which decomposes signals into infinite sine and cosine
components, is not well suited to the analysis of the
magnetograms. Windowed Fourier analysis may offer some
help, but the signals are still assumed to contain a relatively
constant frequency spectrum within windows. In recent
years, there has been an increasing interest in using wavelets
to analyze various nonlinear geophysical data sets with
time-dependent spectral characteristic, including the mag-
netometer data [e.g., Lui and Najmi, 1997; Wei et al., 2004;
Haldoupis et al., 2004; Krankowski et al., 2005].
[3] Most of these studies have not relied on statistical

methodology which requires some information about the
distributional properties of the wavelet coefficients. In
particular, very different statistical methods are required
depending on whether the wavelet coefficients have a
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distribution which is close to Gaussian or a distribution with
heavy probability tails. We explain the concept of heavy
tails by referring to Figure 2. Figure 2a shows a simulated
realization of 2048 independent standard normal random
variables. As is well known, practically all observations are
within three standard deviations of the mean and no
unusually large or small observations are seen. By contrast,

in Figure 2b, there are a number of observations which are
much larger or much smaller than most observations. This
means that there is a large probability that an observation is
far away from the mean, or, equivalently, that the density
function extends farther away from the mean than a normal
density; that is, it has heavier tails. Random variables like
those in Figure 2b are therefore called heavy tailed. They

Figure 1. Relative Horizontal intensity in 0.1 nT, Boulder station 30 March to 2 April 2001.

Figure 2. (a) Normal (Gaussian) random variables. (b) Heavy-tailed random variables with tail index
a = 1.85.
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are characterized by the tail index a whose precise defini-
tion is given in section 3. Statistical methodology and
theory for observations which have heavy tails is often very
different than for observations which are approximately
normal. It is of particular importance to know if the tail
index a is greater or smaller than 2. If a < 2, most statistics
which use sample standard deviation cannot be used be-
cause the sample standard deviation does not converge to
the population standard deviation. This issue is taken up in
some detail in section 4, but it is important to keep in mind
that the differences in statistical methodology go much
further; we refer to Adler et al. [1998] for a more extensive
background.
[4] To establish a connection between magnetograms

and heavy-tailed random variables, we refer to Figure 3.
Figure 3a shows third differences of a central portion of the
magnetogram displayed in Figure 1. Differencing is
a standard technique in time series analysis [see, e.g.,
Brockwell and Davis, 2002, pp. 29–35]. If the observations
are denoted by Xt, t = 0, . . ., N � 1, the series of (first)
differences is defined as rXt = Xt � Xt�1, t = 1, . . ., N � 1.
Second differences are differences of the first differences,
etc. Differencing typically eliminates a meandering behav-
ior of a time series. For example, the series in Figure 3a has
approximately constant mean zero which makes it more
regular than the original data displayed in Figure 1. As will

be explained in section 2, wavelet coefficients are in a sense
equivalent to local differencing at various scales. However,
to focus attention, we consider in this introduction the
traditional simple differences, choosing the third difference
arbitrarily to illustrate the point (differences of orders one to
four have similar properties). The variability of observations
in Figure 3a evolves with time reflecting the evolution of
the storm. By contrast, the variability of the simulated
observations in Figure 2b does not appear to change with
time. This is because these observations are independent,
unlike the third differences of the magnetogram. To be able
to compare these two set of observations, we applied a
random permutation to the observations in Figure 3a and
displayed the result in Figure 3b. A visual inspections of
Figures 2b and 3b reveals a striking similarity and points
out that the distribution of the differences (and wavelet
coefficients) of magnetograms might be heavy tailed. Most
methods for estimating the tail index work best for inde-
pendent observations, and that is why we always apply a
random permutation before studying the tail behavior.
Intuitively, randomizing the observations destroys their time
dependence and allows isolation of the feature of interest:
the distribution of the extremal observations.
[5] Figures 3c and 3d illustrate two methods of estimating

the tail index a: QQ and Hill plots. These and other
methods are discussed in detail in section 4. If a plot with

Figure 3. (a) Third difference of the horizontal intensity, Boulder, 30 March to 2 April 2001.
(b) Randomized observations from panel Figure 3a. (c) Plot of observations in Figure 3b against the
quantiles of Student’s t2 distribution. (d) Hill plot of observations in Figure 3b.
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respect to a reference distribution follows approximately a
straight line, we conclude that the reference distribution is a
reasonable approximation to the distribution of the observa-
tions. In Figure 3c, the reference distribution (Student’s t
distributionwith two degrees of freedom) has tail indexa = 2.
We thus see that the tail index of the third differences of the
magnetogram is approximately equal to 2. A more detailed
inspection of Figure 3c, to be presented in section 4, shows
that this index is in fact slightly smaller than 2. Figure 3d
shows the so-called Hill plot which will also be discussed in
detail in section 4. The vertical line at k = 100 shows the value
of k which we can use to find a tail index estimate on the y
axis, which is seen to be about 1.75.
[6] The main goal of this paper is to establish that the

wavelet coefficients of magnetogram records are heavy
tailed and to estimate their tail index. We also present
preliminary evidence showing that the tail behavior is
different during magnetically quiet and storm periods.
[7] The wavelet coefficients themselves are defined in

section 2. Heavy-tailed distributions are introduced in some
detail in section 3. In section 4, we describe statistical
techniques used to estimate the tail index and calibrate them
to suit our needs. Section 5 contains a detailed analysis of
the tail behavior of the wavelet coefficients of the horizontal
(H) component of the magnetic field during the storm event
shown in Figure 1, while section 6 summarizes the main
outcomes of our analysis, provides some extensions, and
discusses possible further research. In the following, when

referring to random variables, we use the common abbre-
viation i.i.d. for ‘‘independent identically distributed.’’

2. Discrete Wavelet Transform

[8] Suppose X0, X1, . . ., XN�1 is an observed time series.
In our context, Xt is to be thought of as the disturbance of
the H component t min after the start of the record under
study. In order to define the discrete wavelet transform
(DWT), it is convenient to represent the observations as a
column vector X = [X0, X1, . . ., XN�1]

T . We must also
assume that N = m2J, for some integers m and J. The DWT
is then a column vector W of length N (the same as the
number of observations), which can be represented as

W ¼ dT1 ; d
T
2 ; . . . ; d

T
J ; s

T
J

� �T
; ð1Þ

where

dj ¼ dj;0; dj;1; . . . ; dj;Nj�1

� �T
; Nj ¼ 2�jN ; j ¼ 1; 2; . . . ; J ð2Þ

sJ ¼ sJ ;0; sJ ;1; . . . ; sJ ;NJ�1

� �T
; NJ ¼ 2�JN : ð3Þ

The wavelet coefficient dj,k reflects the oscillations of the
observations around time 2jk and at scale 2j. The coefficient
sJ,k is roughly the average of 2J observations around time

Figure 4. Plots of the DWT coefficients dj, j = 1, . . ., 4, Boulder station, 30 March to 2 April 2001.
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2Jk. These vague statements can be made precise, we refer
to chapter 4 of Percival and Walden [2000]. The vector W is
obtained from the vector X by means of multiplication by an
orthonormal matrix (which is implemented as a fast pyramid
algorithm). Thus W can be viewed as X rotated in the N
dimensional space. The objective of the transformation is to
see the behavior of X at different scales.
[9] It is illuminating to compare the DWT to the contin-

uous wavelet transform (CWT), which has been used in
recent geophysical research [Boberg et al., 2002]. Denoting
by y(t) a mother wavelet [see e.g., Chan, 1995, chapter 2;
Percival and Walden, 2000, chapter 1], the value of the
CWT at time a and at scale c is defined as

D c; að Þ ¼
Z N

0

Xt c
�1=2y t � að Þ=cð Þdt: ð4Þ

The values D(c, a)2 are typically plotted on the (a, c)-plane
using a color scheme and indicate the energy distribution
across time and scale. Note that the above definition
assumes that Xt is available in continuous time, so in
practice an approximation to the integral must be used. The
pyramid algorithm computes the DWT exactly, but it gives
only an approximation to the CWT. One can show that in an
approximate sense, which can be made precise [see Percival
and Walden, 2000, chapter 11], dj,k is equal to D(2j, 2jk).

The DWT is thus approximately equal to the CWT at dyadic
scales and at discrete times, with the number of coefficients
Nj = 2�jN decreasing with increasing scale. The DWT is a
nonredundant representation of a signal measured in
discrete time and, since it is a result of an orthonormal
transformation, it exactly preserves the energy of the signal
in the sense that

XN�1

t¼0

X 2
t ¼

XJ
j¼1

XNi�1

k¼0

d2j;k þ
XNJ�1

k¼0

s2J ;k : ð5Þ

Moreover the DWT is more amenable to quantitative
statistical analysis and possess desirable statistical proper-
ties like the approximate decorrelation property. These
issues are too extensive to be discussed here; we refer to the
monograph of Percival and Walden [2000] and to Veitch
and Abry [1999], Percival et al. [2000], Whitcher et al.
[2002], Abry et al. [2002], Craigmile et al. [2005], and Jach
and Kokoszka [2005a] (also A. Jach and P. Kokoszka,
Wavelet domain test for long-range dependence in the
presence of a trend, submitted to Statistics, 2005), to name
just a few recent contributions.
[10] In this paper the DWT using the least asymmetric

LA(8) filter, also referred to as symmlet [see Daubechies,
1992], and J = 4 was applied to the magnetogram records.

Figure 5. Realizations of sequences of independent identically distributed random variables with tail
index (a) a = 3.5, (b) a = 2.5, (c) a = 1.5, and (d) a = 1.
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